16. KOJIEBATEJIBHOE IBUKEHUE

KoneOaTenbHbIME  Ha3bIBAIOTCS TPOIECCH, MPH KOTOPBIX MHapaMeTphl, XapaKTepU3YIOIIHE
COCTOSTHHE KOJIeOaTeNbHON CHCTEMBI, 00Ia/1at0T ONpeAeIEHHON MOBTOPSIEMOCTBIO BO BpeMeHH. TakuMu
MIPOILIECCaMHM, HAlPUMEP, MOT'YT SIBJISITBCS CYTOYHBIC M T'OJOBBbIC KOJcOaHUs TeMIIepaTypbl aTMOC(ephl U
MMOBEPXHOCTH 3eMJTH, KOJICOAHUS MasSTHAKOB U T.JI.

Ecnu mpomexyTku BpeMeHU, 4epe3 KOTOPHIE COCTOSHUE CHUCTEMBI MOBTOPSCTCS, PaBHBI MEXKIY
co0oi#f, TO KoylcOaHHMsS HA3bIBAIOTCSA MHEPUOJMYCCKUMM, a IPOMEKYTOK BPEMEHH MEXIY ABYMS
MOCJICI0BATEIIbHBIMUA OJIMHAKOBBIMU COCTOSIHUSIMUA CHCTEMbI — IIEPUOJIOM KOJICOaHHH.

Jlis mepuoaudeckux KoeOaHWi (yHKIIHS, OMPEICIISIONas COCTOSHUE KOJICOIOMICHCS CUCTEMBI,
MOBTOPSIETCS Yepe3 MEPUO.T KOJICOaHMIA:

S@)=f@+T)

Cpenu mepHOANYECKHUX KojeOaHWi 0co00e MECTO 3aHMMAIOT KOJICOAHUS TapMOHHUYECKHE, T.C.
KOJICOAHUS, TPU KOTOPBIX XapPaKTCPUCTUKU JBUKCHHUS CHUCTEMbl H3MEHSIOTCA 10 TapMOHUYECCKOMY
3aKOHY, HallpuMep:

X =asin(wt + @,) (308)

HauGonpimee BHUMaHWE, yAenseMOe B TEOPUM KoJeOaHWIT MMEHHO 4acTO BCTPEYANOIIUMCS Ha
MPAKTHKE TAPMOHHYECKUM IIpoIleccaM, OOBICHICTCS KaK TeM, YTO JJIi HUX HanOOJee XOPOIIO pa3BUT
aHAMTUYECKUH ammapat, Tak W TeM, 4YTO IIoOble Tepuoandeckue KonebaHus (M HE TOJNBKO
MEPUOJIMUECKIE) MOTYT OBITh PAaCCMOTPEHBI B BHJE ONPENSIEHHONH KOMOWHAIIMM TapMOHHUYECKUX
COCTaBISIONMX. B crily 3TWX mpuumH nanee OyayT pacCMOTPEHBI MPEUMYIIECTBEHHO TapMOHHYECKUC
KojeOanws. B aHAIUTHYECKOM BBIPAKCHHH TapMOHMUYECKHX KojieOanuil (308) BenmmunHa X OTKIOHCHHS
MaTepHaJbHOW TOYKHU OT MOJIOKCHHUS PAaBHOBECHS HA3bIBAETCS CMEIICHUEM.

O4eBHIHO, YTO MAKCUMAJIBHOE OTKIIOHCHHE TOYKH OT TIOJIOKCHHS PAaBHOBECHS paBHO a, 3Ta
BEJIMYMHA HA3bIBACTCS AMILIUTYIOH KoseOanuil. Dusnueckas BeIMYNHA, PABHAS:

wt + @,

U OIpeAEIISIONasl COCTOSIHUE KOJeOMoleicss cCuCTeMbl B JaHHBIH MOMEHT BpeMEHH, Ha3biBaeTcs (a3oi
kosiebanuil. 3HaueHue (a3bl B MOMEHT Hadasia OT c4éTa BpeMEeHU

X =asin(wt +@,)
Ha3bIBaCTCs HaYalbHOW (Da3oi konebanwuii. BennurnHa @ B BeIpakeHUH (a3bl KOJCOaHUH, OMPeaeIsIoas
OBICTPOTY KOJIEOATENBHOTO IMpOIlecca, HA3bIBACTCA €ro KPYroBOH  WMIM IUKIUYECKOH 4YacTOTOU
KOJICOaHMIA.

CocTosiHue ABMKEHUS MPU MEPHOANYECKUX KONEOAHUAX JOJDKHO MOBTOPSITHCA Yepe3 MPOMEKYTKU
BpPEMEHH, paBHBIC nepuoy konedanuii T. [Ipu atom, oueBuaHO, da3a koneOaHUil JOKHA U3MEHSATCS Ha
27 (mepuo rapMOHHYCSCKON (DYHKIUH), T.€.:

[a)(t+T)+goO]—[a)t+goo]: 2r
Orcioga ciemyer, 4YTO TEpPUOJ KOJNCOaHWH W IMKJIMYECKash YacToTa CBSA3aHBI MEXAYy CoOor
COOTHOIICHHUEM:

2
T=22
w
CKOpOCTh TOYKH, 3aKOH JBIDKCHHSI KOTOPOW OIpeAeisIeTcs (301), Takxe W3MEHSACTCA TIO

TapMOHHYECKOMY 3aKOHY

dx
v=—=awcos(ot+@,)
dt (309)
OTMCTI/IM, 4UTO CMCIICHUC U CKOPOCTh TOYKH HCOAHOBPCMCHHO o6paLua10Tc;1 B HYJIb WX IPUHUMAKOT
MAaKCUMAJIBbHBIC 3HAYCHUA, T.C. CMCILICHUC U CKOPOCTH OTINYAIOTCA 110 (1)336.
AHaJNOTrHYHO NOJIy4aeM, YTO YCKOPEHHE TOUKHU PaBHO:

dv d*x

=—— =—aw’sin(wt+¢,) =-o’x

dt dt (310)
%K1 BBIpaXXCHUA JJI1 YCKOPECHHSA BHIHO, YTO OHO CMCHICHO IIO (1)336 OTHOCHUTECIBHO CMCUICHHUS U

CKOpPOCTH. XOTSI CMEIIEHHE M YCKOPEHHE OJHOBPEMEHHO IMPOXOAAT Y€PE3 HYJIb, B ’TOT MOMEHT BPEMEHH

OHM HMMEIOT IIPOTHBOIOJIOKHBIE HANPABJICHUS, T.€. CMELIEHEI HA 7. I'paUKM 3aBHCHMMOCTEH CMEIICHHMS,



CKOPOCTH M YCKOpEHHsI OT BPEMEHH IPH TapMOHMYECKHX KOJEOAHWSX TPEICTABICHBI  yCIOBHOM
Macmtabe Ha puc.81.

Puc.81

Huknuyeckas yactora KojeOaHUH U EPUO]] ONPEACISIIOTCS BHYTPEHHIMH MapaMeTpaMy CUCTEMBI,
a amIUuTyna KojeOaHWi M HadanbHas (paza - HAYaJbHBIMH YCJIOBUSIMH; NPH 3TOM IIOA HAa4aJbHBIMU
YCIIOBUSIMM IIOHMMAIOT 3HAUEHMS CMEINEHHUs, M CKOPOCTH MaTepualbHOM TOYKM B MOMEHT Hauaia
0Tc4€Ta BpEMEHU:
t=t,=0
U3 3akona rapmonuueckoro asmwkeHus (308), momb3ysach ¢GopMylnaMu TPUTOHOMETPHYECKHX
npeoOpa3oBaHUi, MOKHO 3aIIMCaTh:

X =acos g, -Sin wt + a cos wt -s1m @,
O6o3HaunB acos@, =A u asing, =B BblpaxeHHE 3aKOHA IBIKCHUS MOXKHO IIPEICTABUTh B BUJIC

x = Asin wt + B cos wt (311)
Bripakenue (311) mokaspiBaeT, 4TO rapMOHHYECKOE KoJieOaHHE C MPOU3BOJIBHON HadalbHOH (ha3oil,
OTJIUYHOM OT HyJsl, MOKHO TIPEACTABUTH B BUJC CYMMBI JBYX TapPMOHUYECKHX KOJICOAHHI C HYJICBBIMU
HAYaTbHBIMU (ha3aMu, TPOUCXOSIIUX 110 3aKOHAM CHHYCa M KOCHHYCa, PU COOTBETCTBYIOIIEM MOAO0Ope
AMILTUTY]T COCTABIISIONINX.
HavanbHble ycioBus, Kak OBUIO OTMEUECHO BBIIIIE, ONPEICISIIOTCS 3HAUYCHUSMU CMEIICHUSI U CKOPOCTH B
MOMEHT Hadaja 0TCY€Ta BpeMCHH

t=t,=0 X, =asing,,v, = awcos @, (312)
W3 HavanbHBIX YCIIOBHM, MTPEACTABICHHBIX B BUaE (312), JIETKO ONMPEAEIIOTCS 3HAYCHHS aMIUTUTYAB U
HaYaJIbHOU (ha3bl KOJICOAHMA:
, Ve X,@
a=4|x; +—,180, = . (313)
w Vo

[MosicHuTh BNHMSHUE HAYANBHBIX YCIOBUH HAa XapakTep MOCIEAYIOIUX KojleOaHWH CHCTEeMbl MOXKHO Ha
JIBYX TPOCTBIX YACTHBIX MpuMepax. B mepBoMm ciydae OyneM mojarath, 4TO B Ha4ajdbHBIA MOMEHT
BPEMCHHM TeJO (HAlpuMep, TEJNO MAasTHHWKA) BBIBEIM W3 TIOJOXKEHHUS PABHOBECHS, COOOIIUB MY
OTKIIOHEHHE A, U 03 ToTuKa OTIyCcTHI. HauanbHbIe yCIoBUS IS TAKOTO CITydast UMEIOT BUJI:

x,=4,v,=0

[NoxcraBuB 3HAYCHUS HAYAIBHBIX CMEIICHUS U CKOPOCTH B (313), momydnm:
7
a=4;¢, =E;x = Acoswt

Takum 00pa3om, MpH 3aJaHHBIX HAayaJbHBIX YCIOBUSX KoeOaHusi Tena OyayT HMpOHMCXOAWUTH Oe3
HayanbHOW (pa3bl MO 3aKOHY KOCHHYca C aMIUIMTYAOH, paBHON HayaJbHOMY OTKJIOHEHHIO Tella OT
HOJIOKEHUS PAaBHOBECHS.

Ecnu xe, BO BTOpPOM cCilydae, B MCXOAHBI MOMEHT BPEMEHU Tely B IIOJIOXKEHUH pPaBHOBECHS
(HayampHOE OTKIJIOHEHHE OTCYTCTBYET) TONYKOM COOOIIMIIM CKOPOCTb, TO HadalbHbIC 3HAYCHHS

cMmerenus U ckopocty paBHbl v, # 0;x, = 0. [ToncraBus >tu 3Hayenus B (313) nomydyaem:

V, v, .
a=-"2;¢,=0;x=-"sinwr.
®

CJ'IC,Z[OBS.TCJ'IBHO, " B 3TOM CJiy4dac KoJIeOaHus MMPOUCXOIAT 0e3 HavaabLHOU (1)8.3]:1 (Ha‘laﬂBHa}I (1)333 paBHa

HYJII0), HO Ha 3TOT Pa3 M0 3aKOHY CHHYCa C aMIUIUTYI01, paBHOR L) .
[

BaxxHpIME XapakTeprCTUKaMK KOJIEOATENEHOTO JABMXKCHUS SBIISIOTCS HX (opMa, MEpUOTUIHOCTD U
T.A. OTH XapaKTePUCTHKH, HE3aBUCHUMO OT TPUPOABI KojeOaHWi, MpHCYIIM Kak KOJICOaHHSIM
MEXaHUYECKUM, TaK M JJICKTPUYCCKHM, TEIUIOBBIM. YUTO >K€ KacaeTcsl INPUYMH, BBI3BIBAIOIIUX U



00YCIIOBIMBAIOIIMX KOJICOAHUS, TO OHHM OMPEICISIOTCS TPUPONON KojebaTellbHON cucTeMbl. Jlanee
OyseM paccMaTpuBaTh MEXaHHYECKHE KoJieOaTeNbHbIC CUCTEMBI, HAIPUMED, KOJNEOAHWs CUCTEMBI MpPU
BEIBOJIE ©€ M3 TIOJIOKEHUSI PABHOBECHUS INMPH HAIMYMK BHYTPEHHUX YIPYIHX B3auMojcicTewii. Takue
KoJIeOaHUS CHCTEMBbI, BRIBEACHHON M3 TOJIOKEHUS PAaBHOBECHS, a 3aTeM INPEAOCTABICHHOW caMoii cele,
Ha3BIBAIOTCSI CBOOOJHBIMHU. XapakTep CBOOOTHBIX KOJCOAHWI 3aBHUCHUT OT TOT'O, HACKOJIBKO OOJBIINM
OyJeT CONMpOTHBIICHHE JBIDKEHHIO. ECIIM TaKOBBIM MOXKHO NpeHeOpedb, TO KOJIeOaHUsT MOXHO CUHTATh
YUCTO TaPMOHUYECCKHMH, C HEU3MEHHOW aMIUTUTYJIOW, a MPU HAJIWYUU TPCHHS aMIUIMTYy/a KOJICOaHHiA
OyJieT ¢ TeYeHUeM BPEMEHH YMEHBIIIATHCS 10 ONpeIeIEHHOMY 3aKOHY, H KOJICOaHUS HEJIb3s MPEJICTABUTh
TOJILKO TapMOHUYECKOH QyHKIMel. B mepBom ciryuae konebaHusi OOBIYHO HA3BIBAIOT COOCTBEHHBIMH, BO
BTOPOM - 3aTYXarOIIUMHU.

16.2. Co0cTBeHHBIE K0JIC0aHUA

OCHOBHBIE OCOOCHHOCTH COOCTBEHHBIX KOJeOaHW paccCMOTpPUM Ha TMpHUMEpPE MEXaHWYECKOU
KOJ1e0aTeILHOM CUCTEMBI C OJTHOW CTETICHBIO CBOOOIBI, T.€. TAKOW CHCTEMBI, TTOJIOKEHHE KOTOPOW MOYKHO
B JII000M MOMEHT BPEMEHHU OMPEICIIATh TOJbKO OJHOM KOOpAWHATON. ByeM cuuTarh, 4TO pa3Mepsl Tela
JTOCTaTOYHO MAJIbI, YTOOBI €r0 MOXHO OBUIO paccMaTpUBATh KaK MaTepUANBHYIO TOUKY. [Ipeanonoxum,
YTO TIPH BBIBOJIE TeJIa U3 TIOJIOXKEHHSI pAaBHOBECHS HA HETO OyIIyT JEHCTBOBAThH CHJIBI, TPONOPIIMOHAIBEHBIC
CMEIICHUIO U HaIlpaBIIEHHBIE TPOTUBOIIOIOXHO ATOMY CMEIICHHIO -kx. Kak TOBOPMIIOCH BhIIIE, TPEHUEM,
COIPOTHUBIICHUEM CPEJIbl MOXHO MpeHeOpeub. BHYTpeHHNE e CUITBI, BETMYMHA U HATIPABICHUE KOTOPBIX
OTIPECIISIOTCS. CMEIIICHUEM M3 TIOJIOKEHUS PABHOBECHS], MOTYT OBITh, HAIIPUMED, CHJIAMH YIIPYTOCTH WA

CHJIaMH ,Z[perﬁ MIpUpPOabl, HO USMCHAOIIUMHUCS TaK K€, KaK U YIIPYTUC (— kX) . Takue CHUJIBI, HE3aBHUCHMO

OT UX MpHUPOABI, OyaeM HaszpBaTh 'KBazuynpyrumu'. C yaétoM 3Tux cuil nuddepeHnmnansHoe ypaBHEHIE
JIBUKCHHS TPUHAMAET BH

d’x k
—+—x=0 (314)

ar* m
Pemennem auddepenimansHoro ypaBHeHus apwkeHus (314) umeer BU rapMOHHUECKON (PyHKIIUN
x =asin(wt +¢@,) (315)

Crporoe J10Ka3aTenbCTBO ATOrO JaéT Teopus MUdQepeHIUATbHBIX YPaBHEHHH, MBI )K€ JIETKO MOXeM
yOemuTbCsI B CIPaBEUIMBOCTA OTOTO YTBEPXKIASHUS IyTéM ToncTaHOBKM pemenus (315) B
ypaBHeHue(314)

—aw’ sin(a)t+(oo)+£a sin(wt +¢,)=0
m

Kax BumHO, paBeHCTBO OYyIET COOMIOAATHCS IS JIFOOOT0 MOMEHTAa BPEMCHH, ©CIIH:

k
w=,—
m
I[eﬁCTBHTeHBHO, OTHOHICHUE — MOXHO IPEACTAaBUTb B BHIAC KBaApaTa HCKOTOpOﬁ BCIIMYHUHBI,

m
MOCKOJIbKY Macca Telia, KO3Q(GUIIUSHT yIPYTrOoCTH |, CIEIOBATEIbHO, CAMO OTHOIICHHE TMOJIOKUTEIIBHBI,
Kak ko3 durnmenT £ , Tak 1 Macca Tena SIBJISIOTCS BHYyTPEHHUMH TTapaMeTPaMU KOJIeOaTeTbHOW CUCTEMBI,
MO3TOMY IMKJIMYECKAas 4acTOTa KoJeOaHWH ® HE 3aBHCUT OT HAYaNbHBIX ycinoBui. OT HayallbHBIX
YCIIOBHI 3aBUCUT TOJIBKO aMIUIMTy/Aa KojeOaHWi W HauyanbHas (as3a, KOTOpPbIE MOXXHO HAWTH U3
HaYaJbHBIX YCIIOBHUH, Kak 3TO ObUIO MoKa3zaHo panee. CKOPOCTh M YCKOPEHHE Tela MpPU COOCTBEHHBIX
KOJICOAHUSIX TAKXKE U3MEHSIOTCS 10 TAPMOHHYECKOMY 3aKOHY:

v=@= aa)cos(a)t+ )
dt ool

w= = a0’ sin(or +,)

16.3. 3aTyxalomue KoJiedanus

BrrsicHuMm Temneppb xapakTep KoyieOaHU pacCMOTPEHHON CHCTEMBI IpU Hanuuu# Tpenus. [Ipu stom
OyzeM mnosararb, 4YTO CHJBl TPEHHUs IPONOPLUOHANBHBl CKOPOCTH Te€la U IPOTUBOIOIONKHO eH
HanpasyieHbl. TakUMU CHJIAMH, HAalpUMEp, SIBIAIOTCS CHIIBI BSI3KOTO TPEHUS MPU JOCTATOYHO MalbIX



CKOPOCTAIX ABUKCHHA TEJIA. Ecnm Teno BRIBEICHO U3 MOJIOKECHUS PpaBHOBECHA HAa BEIIMYHUHY X U IIPHU 3TOM

HUMCET CKOPOCTh ——, TO HA HCTO 6y,Z[yT HeﬁCTBOBaTB KBasuyIripyrasa Cujia F=-kx " Cujia COIMMPOTUBJICHUA
JBIKECHUIO Fmp =—um, tae, U - k03ddunueHt conporusieHus. [lo BTOpoMy 3aKOHY IWHAMUKU
HarmueM auddepeHIratbHOe ypaBHEHUE JBIKEHUS
d*x dx k
+ A S =0

dt* m dt m

k
Beeném o003HaueHUS s 2nu —=w°.C y4éToM 3THX 0003HaUeHUH nuddepeHraIbLHOe ypaBHEHHE
m

MIPUHAMAET BHU]T
2
d—f+2nﬁ+a}2=o (316)
dt dt
Crporoe pelmieHre 3TOro ypaBHEHHUSI pacCMaTPHUBACTCS B TEOPHH TU(PepeHIUANTBHBIX YPaBHEHHH.
OTo ke peleHHe MOXXHO TMONYy4WTb, MCXOAS W3 CICHYyIOUMX cooOpakeHWH. Bo-mepBbIX, Hannune
KBa3UYIPYTHX CHJI CBHIETEILCTBYET O TOM, YTO B CHUCTEME, BBIBEJICHHOW W3 ITOJIO)KEHHS PaBHOBECHS,
JOJDKHBL BO3HUKHYTH KoJieOaHUs. Bo-BTOPBIX, Haquuue CHJI CONPOTHBIICHHS IBWKECHUIO MPHUBOAUT K
TOMY, YTO SHEPIus KojeOaTelbHOW CHCTEMBI U, CIEeNOBAaTEJbHO, aMIUTUTYAa KOJeOaHWH C TeueHHEM
BPEMEHH JOJDKHBI YMEHBIIATHCS, KPOME TOTO, COIPOTHUBICHNE CPEABl, TOPMO35 JBIDKEHUE Tela, BIHSET
Ha OBICTPOTY KOJeOaHWH, T.e. IUKIMYECKas YacToTa KOJeOaHWH MOXKET 3aBHCETh OT COMPOTHBICHHUS
cpenpl. cxons u3 cka3zaHHOTO, pemieHne ypaBHeHus (316) Oyaem uckarb B BUIE
x = A(t)-sin(wt + @, ) (317)
Ecnu Beipakenue (317) AeCTBUTENBHO SBIISIETCS peleHueM ypaBHeHHS (316), To mociie moacTaHOBKH
(317) B (316) MBI JOIHKHBI TTOJIYIUTH TOXKIECTBO:

d*A

—Aa)2+2n%+w§A sin(wr + @, ) + 2w%+2nAa) cos(ot +¢,)=0

Ou4eBHIHO, TOXKICCTBO OYIET BBIIOIHATHCS IS JIF000r0 MPOU3BOIBHOIO MOMEHTA BPEMEHH, €CIIU OYIyT
BBITIOJIHATHCS CIEAYIONINE YCIOBUS

d*4 dA
21 (@ —0? )4 =0 (318)
dt dt
dA
20| —+nA4 |=0 (319)
dt
W3 yemosus (319) nmonyuaem nuddepeHnnaIbHOE YpaBHEHUE IS ONPEACICHUS aMIUTUTY /bl KOJIeOaH i
dA
—+n4d=0
dt
Paznensis mepeMeHHbIe, TIOTyYaeM ypaBHEHHUE, yI0OHOE JIJIsl HHTETPUPOBAHUS
dA
— =—-ndA
A

Pemmenuem 310ro ypaBHenus spnsercs ynkuus A = Ae ™,

rae Ay - TOCTOSHHas HMHTETPUPOBAHUS, KOTOPYIO MOXKHO ONPEIETUTh M3 HAYaIbHBIX YCIIOBHI.
[ToxcraBuB HaiiieHHOE 3HAYCHUE aMILTUTY/IbI KosieOaHwmii B ycinosue (318), momydaem:

Aoe_”’(coo2 -’ —n2)= 0

T.€. 9aCcTOTa KOJIeOAHUH NEHCTBUTEIHFHO OTINIACTCS OT YaCTOTHI COOCTBEHHBIX KOJIeOaHMl M paBHA:

w=+\w, —n’

[Tepron kone6aHMit COOTBETCTBEHHO PaBEH:



C y‘léTOM MOJIYYCHHBIX PE3YJIbTATOB PCIICHUC MCXOAHOI'O ,I[I/I(i)(l)epeHLII/IaJ'IBHOFO YpaBHCHUSA OABUKCHUSA
3alIMChIBACTCA B BUC!

x = Aje™ sin(ot + ;). (320)
DT0 ¥ ecTh 3aKOH KOIeOaHui Opyu HAJIWYHWHK BA3KOI'O TPCHMA. Takue koncOaHUsS HA3BIBAIOTCS
3aTyXarolIuMHu.
CKOpOCTB " YCKOpPCHUC KoJIeOaHM Tela IIpU HAJIMYWUU BA3KOTO TPCHUA ONPCACIIAIOTCA COOTHOMICHUAMMA

v, = % = Aje™" [ cos(awt + @, )—nsin(wt + @, )| (321)

W= % =—A,e™ [(co2 —n*)sin(wt + @, )+ 2no cos(ot + @, )] (322)

PaccmoTpenHble KoneOaHus SBISIOTCA TMEPUOINIECKIMH (BCE MapaMeTphl IBIKEHHS W3MEHSIOTCS
0 MEPHOAMYECKOMY 3aKOHY). B To jxe Bpemst 3aTyxaromiie KojaeOaHusl HelIb3s Ha3BaTh TAPMOHUYIECKIUMHL.
OO0 3TOM CBHUJIETENBCTBYET YK€ 3aBUCUMOCTh OT BPEMCHH aMILIUTYABI KoyieOanuii. K ToMy e BBIBOIY
MPUBOANT U Oosiee OAPOOHBIN aHANHU3 MEPHOANYHOCTH U3MEHEHHS OT/IEIBHBIX MapaMeTPOB IBIKEHHUS,
HaIpyUMep CMEIIEHUs U CKOpOCTH. [leficTBUTENBHO, N3 BRIPAKEHUH ISl CMEIIEHUS U CKOPOCTHU CIIEAYET,
YTO MOMEHTHI BPEMEHHU, COOTBETCTBYIOIIUE MPOXOXKICHUIO TEIOM IOJIOKECHHSI PaBHOBECHSI, OTBEYAIOT
YCJIOBHIO:

ot+@, =mr

a MOMEHTHI 0OpaIeHus B HyJIb CKOPOCTH Tella — YCIOBHIO:
W

ot + @, =arctg —+mw
n

W3 »THX yCIIOBHUI CIEIyeT, YTO IMPOXOXKICHHUE TEJIOM IOJI0KEHHS PABHOBECHS U OOpallicHUe B HYJIb
CKOPOCTH TeJIa TPOUCXOIUT C OJWHAKOBBIM TNepuojoM. OJHAKO  MPOMEXKYTKH BPEMEHU MEKIY
MIPOXO0XKICHUEM TIOJIOKCHHS PABHOBECHS U MOCIIEAYIONINM OOpalieHueM B HYJIb CKOPOCTH Tela HE PaBHBI
YETBEPTH MEPHOA, KaK 3TO UMEET MECTO IPU TapMOHUYECKHX KoJjieOaHusx. CaenoBaTe/IbHO, U 10 3TOM
MPUYUHE 3aTyXalolue KoJNeOaHWs HEe MOTyT ObITh rapMoHHUYeCKMMHU. CTeneHb "HErapMOHHYHOCTH"
3aTyXawluX KolneOaH!i onpeaesaeTcs BeIUIUHON KodhGUIMeHTa L.

Takum 00pa3oM, B paCCMOTPEHHOM CITy4ae 3aTyXaHHs KOJICOaHHN aMIUTUTYa yObIBaeT C TEUCHUEM
BPEMCHH 10 TEOMETPUYECKON MPOTrpeccCHu. BrIcTpoTa 3aTyxaHus KOJICOaHUN OMPEICIIIETCS BETMUYUHON
MOTEPh PHEPruu KoyicOaHui (BeMMUMHON KO3(duiMeHTa CONPOTHRICHUS ABIMKeHUI0). Kpome Toro, ¢
yBeNMYeHHEM KOA((UIIMEHTa CONMPOTHBICHUS YMEHBIIACTCS HE TOJHKO aMIUIUTyJa KOJICOaHWid, HO H
4acToTa, a MEepUoJ KoJeOaHWH, COOTBETCTBEHHO, yBenuuumBaercsa. Ciemyer TakKe OTMETHTh, UYTO
KOoJIcOaHMsI HE MOTYT MIPOAOKAThCS OCCKOHEYHO IOJITO, KaK 3TO MOXKHO OBUIO OBI MPEIIOIOKHUTH W3
3aKkoHa KojeOaHwil. Jlemo B TOM, 9TO KOorja aMIUIUTyJa KoJjieOaHWN CTaHOBHUTCS OECKOHEYHO MAalou,
MaJbIMU OyAyT W ympyrue cuibl. [lpu onpenen€HHBIX YCIOBHAX OHH HE CMOTYT MPEOI0NIeTh
COMPOTHUBJICHHS IBIWKCHHIO M KojeOaHus mnpekpatsarcs. [Ipu moctatouHo Oosbimux KoddduimeHTax
COMPOTHUBJICHHSI CPE/IbI MPOLIECC 3aTyXaHUs KOJIeOaHUH BIUIOTH 0 IMOJIHOTO MX MPEKPAIlICHUs IPOTeKaeT
OuYeHb OBICTPO. MOXKET MONYyYUTHCS, YTO CHCTEMa HE CMOXKET COBEPIIUTH JaXXe OJHOTO IOJIHOTO
KoJIeOaHus.

Takue KkojeOaHUs Ha3bIBAIOT amepHOAMYCCKUMH. Ha mpakTHke Ke KoyieOaHMs CUHMTAIOT
MIPEKPATUBIINMHUCS TIPU YMECHBIIIEHUH aMILTUTYIbI KOJICOaHHUH IO HEKOTOPOH 3aJaHHOM JTOJIM HAa4aabHOTO
3HaueHUS amIuuTyasl (00brHO 10 1%). ['padmuecku 3aryxatomme KoiaeOaHUS W aNCPUOTUICCKH
TIpoIiecc MPEeACTaBIICHEI Ha puc. 82 u puc.§3.

x\/\/\

N\ TN t
\/ N D
/‘ Puc.82




Puc.83

IIpn xomebaHMAX CHUCTEMBI B BS3KOW Cpele, KOrJa CHIBI CONPOTHBIEHUS JBIKEHHUIO
o ~ —nt
IPOTIOPLIMOHABHBI MIEPBON CTENEHH CKOPOCTH, aMIUIMTyHa KojieOauuii A,e " yObIBaeT ¢ TeYeHHEM

BPEMEHH II0 T€OMETPHUYECKOH MPOTPECCHH, & OTHOIICHHE aMIUTUTYJ KOJIeOaHWH, OTCTOSIIUX IPYT OT
JIpyTa HU OJIUH MIePHO KojeOaHui, OCTa&TCs C TCUYCHUEM BPEMEHU MOCTOSTHHBIM U PABHBIM:

Takum 00pa3omM, BETUYHHY 3TOTO OTHOIICHHS MOXKHO B3ATh B KaUeCTBE XapaKTEPUCTHKH 3aTyXaHUs
KojeOanmii, €€ Ha3pBAIOT [IEKPEMEHTOM 3aTyXaHws. HaTypadpHBIA JorapudmM >STOTO OTHOIICHHS
(Ha3wIBaeTCS JIOTAPU(PMUUECKUM JACKPEMEHTOM 3aTyXaHHsI)

o=-nT, (323)
DTy BaXHYIO XapaKTCPUCTHKY 3aTyXaloIIUX KOJICOaHWW Ha TMpakTUKe OepyT 1Mo abCOIOTHOMY
3HAYCHHIO, 03 yuéTa ero 3Haka. 3Hak "-" (U3MYECKH 03HAYAET, YTO C TCUCHHEM BPEMEHH aMILIUTYIa

KOJIcOaHMI YMEHBIIAETC .

B peaslbHBIX MEXaHUYECKHX KOJICOATEIBHBIX CUCTEMAaX 3aTyXaHUE CTPEMSTCS CBECTU K MUHUMYMY,
3aTyXaHUe MPHU 3TOM CTAHOBHUTCS HACTOJBKO MaJIbIM, YTO YMEHBIICHHEM aMIUIHTY/IbI KOJICOaHU 3a ONH
MIePUO]] MOXKHO MTPeHeOpedh. Y MEHBIICHAE aMIDTHTY/ bl CTAHOBHUTCS 3aMETHBIM TOJILKO Yepe3 JOCTATOUHO
0OJBIIION MPOMEKYTOK BPEMEHH.

Bce monydeHHBIE KOJNWYECTBEHHBIC PE3yJNbTaThl OTHOCHUTEIBHO PACCMOTPEHHBIX 3aTyXaIOIINX
KOJICOAHUM CIPaBEIUIMBBI TOJBKO MPH HAJIMYUK BA3KOTO TpeHUs. Ecim ke B crcteme Ha KoneOromeecs
TEJNIO JIEHCTBYIOT CHIIBI CYXOTO TPEHHUS, TO TMpPU COXPAHEHUHM Ka4YeCTBEHHBIX BBIBOJIOB (HAmpUMep,
aMIUTATYJIa KOJICOAHH C TCUECHHUEM BpPEMEHH YMCHBINASTCS) KOJIMUYECTBCHHBIC XapaKTCPUCTUKH OYyIyT
WHBIMH, OYJIET HHBIM M CaM XapaKkTep H3MEHEHHS aMILTHTY/Ibl) KOJIeOaHnH.

16.4. BoiHy:K1eHHbIe KOJIeOaHus

BrIHY)KICeHHBIMI Ha3bIBAIOTCS KOJICOAHMSI CHCTEMBI, BOSHHMKAIOIINE IO/ BO3JEHCTBHEM BHENTHEH
CHJIBL. XapakTep dTUX KoJeOaHu ompenemsaeTcss Kak CBOMCTBAMH CaMOM KojiebaTeIbHOW CUCTEMBI, TaK U
BHeIHel cwioil. OCHOBHBIE OCOOCHHOCTH BBIHYXKICHHBIX KOJEOAHWH pPACCMOTPUM Ha TpPUMEPE yiKe
M3BECTHOW K0JIeOaTeIbHON CUCTEMBI MIPH YCIOBUH, YTO Ha KOJEOIIOMIEeCs TEJIO KPOME CHJI yIIPYTOCTH U
BA3KOTO TPEHHS JEHCTBYET emlé BHEUIHSS MEepHOAUYEcKasi CHIa, U3MEHSIONIascs M0 TapMOHHYECKOMY
3aKOHY:

F=F, sin ot
ITo oCHOBHOMY 3aKOHY TUHAMHMKH MOXKHO COCTaBHTh TU(GEpeHIIHaIbHOC YPAaBHEHUE TIBUKCHUSL:
d*x dx F, .
= +2n—+wjx=—Lsinw? (324)
dt dt
3Z[CCB, KaK U paHee:
k
H_ 2nu —=w’.
m m

B otnume ot ypaBuenus (316), onmuCHIBaIONIEro 3aTyxaroniue KojaeOanus, mpaBas 9acTh YpaBHEHUS
(324), He copmepkarmasi UCKOMOW IEPEMEHHOW X, OTIWYHA OT HyJNA. Takwe ypaBHEHHS Ha3BIBAIOTCS
HEOJTHOPOHBIMU (WJTM YPaBHEHUSIMU C MpaBoi 4yacThio). Kak m3BecTHO M3 Teopun AudepeHITnaIbHBIX
ypaBHEHUH, peleHre HEOAHOPOAHOTO YPaBHEHUSI MOXKHO MPEJCTABUTH B BUJE CYMMBI OOIIETO PEIICHHS
OJTHOPOJZIHOTO YPaBHEHUS, COOTBETCTBYIOIIETO JAHHOMY HEOJHOPOIAHOMY, W KaKOTO-TUOO YacTHOTO
pelIeHrsT BCEro HEOIHOPOJHOTO ypaBHeHHS B 1eiaoM. OMHOPOMHOE YpaBHEHHE, COOTBETCTBYIOIEE
JTAHHOMY HEOJJIHOPOJHOMY, TIOJTYYHM, €CJIH IPaBYI0 4acTh YpaBHEHUS (324) MOIOKUTH paBHOU HYIIIO, T.C.
noiayyuM TudQepeHnaTbHOe YpaBHEHHE 3aTyXaloUX KoJeOaHWid, pellieHre KOTOPOTro yKe HaJIeHO.
Uro ke KacaeTcs 4acTHOTO PEUICHHs] BCETO HEOJHOPOJHOTO YPABHEHHS B II€JIOM, TO OHO MOXET OBITh
MIPEJICTABJIICHO TapMOHHYECKON (DYHKITUEH, U3MEHSIONICIHCS ¢ TOW K€ YacTOTOHM, YTO M caMa BHEIIHSS



cuna. [Ipu yacTtoTe BbIHYXJAIOIIEN CHUIIbl, pABHOW HYJIIO, T.€. PU JIEUCTBUHU MMOCTOSSHHON BHEIIHEHN CHUJIBI,
TEJO OTKIIOHSIETCS OT TMOJIOKEHHUSI PaBHOBECHS W, KOTJa CHJIa YIPYTOCTH YPaBHOBECHUT BHEIIHIOI CHITY,
JIBIKCHHE TpekpaTutcs. [Ipu OeckOHEYHO OOJBIION YacTOTe BBIHYXKAAMOIIEH CHUJIBI TENIo, oO0yaaas
Maccoil (MHEPTHOCTBIO), HE YCIIEBaeT IOJYYUTh 3aMETHOE CMEIICHHE 3a Tepuoja KoneOaHwid. [lpwm
MIPOMEKYTOUHBIX 3HAUCHHAX YaCTOTa aMIUIUTY/Aa OTJIIMYHA OT HYJIS, CIeI0BATEeIbHO, aMILUIUTY 14 3aBHUCHT
OT YacTOTHI BBIHYXHatomiel cuibl. [1o ToM ke cooOpaxkeHusM (aza koyieOaHWi Tella TaKKe JTOJDKHA
3aBUCETh OT YaCTOTHI BBIHYKJAIOIICH CHITBI U OTIMYATHCS OT (Pa3bl CAMOM CHIIBI.

[Teproii yacThio pereHus ypaBHeHus (324) 1151 OJHOPOIHOIO YpaBHEHUS (3aTyXaroIue KoJIeOaHus)
gepe3 JOCTAaTOYHO OOJIBIION TIPOMEXKYTOK BpPEMEHH MOXHO TpeHeOpedb. [loaTomMy MBI Oynem
paccMaTpuBaTh TOJIBKO BTOPYIO YacTh PEIICHUS, T.€. YacTHOE peimieHue ypaBHeHHs (324) B Buic
rapMOHHUYECKOH pyHKIHY.

x=asin(of +@,)
Ecnu rapMonndeckas QyHKIMSI TEHCTBUTEIEHO SIBIISCTCS PEIICHIE BCETO HEOMHOPOIHOTO YPABHEHHSI, TO
nocJie €€ MoJCTaHOBKH B YpaBHCHUC MBI JOJLKHBI TOJYYUTh TOXIACCTBO

a[(a)g -] )sin(a)lt +@,)+2nw, cos(wt + ¢, )] _ B gin o\t
m

Kaxk nerko 3aMeTHTh, TOXKIECTBO OYIET BRITOTHATHLCS IIPH COOTFOICHUN CICIYIONTUX YCIIOBHIA:

. F,
a[(a)g -] )sm @ +2nw, cos go] =L (325)
m
a[(a)g -] )sin @ +2nw, cos (p] =0 (326)
U3 ycnorust (326) mosyyaeM BeIpasKeHHUE TSl HAaYaIbHOU (hasbl:
2nw
gp=———+ (327)
W, — 0,
BosBons B kBazgpar u ckiagsiBas (325) u (325), noiaydnm BeIpaXeHUE I aMILTUTY b KOJIeOaHMi
r
a= m (328)

\/(a)g — 0)12)2 + 41’120)12

Bripaxenus (327) un (328) mokas3siBaroT, 9TO M HadaimbHas (aza komeOaHW, M WX aMIDIUTyIa
3aBUCSIT OT YaCTOTHI BBIHYXAaromieil cuibl. [Ipu 3TOM aMrmutyaa npu OeCKOHEYHO OOJBINON 4acToTe
obparaeTcss B HyJIb, a IPHU MOCTOSHHON cwiie (@;=() MpUHUMAaeT HEKOTOPOE TOCTOSHHOE 3HA4YCHHUE,
YUCIICHHO PaBHOE OTKJIOHCHHIO OT TOJIOXEHHsI paBHOBecus. VMeeT cMbIC Oosee MOoApOOHO HM3YYHTh
3aBUCHMOCTH aMIUTATY/IbI KOJICOAHUN OT 4acTOThl. OUEBUAHO, YTO PKCTPEMaIbHBIC 3HAYCHHUS aMILTUTYAa
Oy/ieT MPUHUMATP B TEX CIyYasX, KOTJa SKCTPEMaIbHBIM OY/IeT TOAKOPEHHOE BBIPAYXKCHHE B 3HAMEHATEIIE
npobu. Jlyis sKCcTpeManbHBIX 3HAYCHUH TOJKOPEHHOTO BBIPAXKCHHS MPOU3BOJHAS OT HETO IO YacTOTe
JIOJIKHA 00paInaThCs B HYJIb:

46{)[&)12 -, + 2n2]= 0

HpI/IBe,Z[eHHOMy YCJIOBUIO COOTBCTCTBYCT [IBa 3HAYCHUA YaCTOThI KoJIeOaHMii:

— - _ 2 2
o, =0,0, =\, —2n

Y00l OIpPEACINTh, IPHU KAKHUX 3HAYCHHUAX YaCTOTBI CaMO IOAKOPEHHOC BLIPAXKCHUE NPHUHUMACT
MAaKCUMAJIIbHOC WM MHUHHUMAJIBHOC 3HAYCHUC, HAOA0 OIIPCACIUTbL 3HAK BTOpOﬁ HpOI/I3BOI[HOI>’I npu
YKa3aHHbIX 3HAYCHUAX 4aCTOThI. BTOpa}I IIPOU3BOJHAA OT IMOAKOPEHHOI'O BBIPAXKCHUSA 110 4aCTOTE paBHA

2 2 2
4PBw? - w} +2n°]
Tlocne moacTaHOBKM HAWIEHHBIX 3HAUYEHUI YaCTOTHI B BBIPAXKEHHE BTOPOH MTPOU3BOHOMN MOIyHaEM:
2 2
a2n* - o]
2 2
8w? — 20|
YuuteiBas, 4TO B peajbHBIX MEXaHHMYECKHX KOJNeOaTeIbHBIX CHCTEMaX BA3KOCTb Cpenbl TI0
OTHOIIEHHUIO K COOCTBEHHOW YacTOTe Majia, MOJIy9aeM, 9TO MPH MOJACTAHOBKE MEPBOTO 3HAYCHUS YaCTOTHI
BTOpas MPOU3BOAHAS MPUHUMACT OTPULIATEIFHOE 3HAYEHHWE, a TMpU IMOACTaHOBKE BTOPOro -

MIOJIO’KUTENIbHOE. DTO 03HAYAET, YTO MEPBOE 3HAUEHHE YACTOTHI COOTBETCTBYET MUHUMYMY aMILTUTYIBI
KoJIe0aHMii, a BTOPOE - MAKCUMYyMY.



SIBneHne Bo3pacTaHUs aMIUIUTY (bl KOJIEOAHHIA IPH HEKOTOPHIX 3HAUYEHHUSIX YaCTOTHI BRIHYKIAIOIEH

[ 2 2
CHJIbI HA3bIBACTCA PC30HAHCOM. COOTBCTCTByIOH_IeC 3HAYCHHUEC YaCTOTHI: (Ct)1 = COO —-2n ) Ha3bIBACTCA

pEe30HaHCHOM YacTOTON. Pe3oHaHCHAs aMIUIUTYa KOJIeOaHUH IPUHUMAET 3HAYCHHUE:

£y

a, =—- " (329)
pes3 2 2
2n\@w, —2n
a COOTBETCTBYIOIIIEC 3HAUYCHHE HayalbHOW (a3bl KojeOaHuil (cMmereHue mo (ase caMux KoyieOaHHH
OTHOCHUTEIILHO BBIHYXIAIOIICH CHJIBI:
2 2
@, —2n

8Ppes == — (330)

Kak Bumno u3 Beipakenuit (329) u (330), mpu orcyrctBun Tpenus (n=0) amrummTyaa kojeOaHHN
obparmaeTcss B OECKOHCYHOCTD, a KoJieOaHUEe OTHOCHUTEIIFHO BBEIHYKIAIOIIEH CHIIBI CMEIIeHO 1o (a3e Ha
/2.

B peanbHBIX MEXaHMUYECKHX KOJIE€OATENbHBIX CUCTEMAxX BA3KOCTh CPEIbl XOTS U Maja, HO BCE XKe He
paBHa Hymio. IloaTromy ammnuTyzna KosieOaHWU NpU pe30HaHCE NMPUHUMAET KOHEYHBIC 3HAUCHHS, TeM
MeHbIINe, YeM Ooibiie koddduiuent Bs3koctu. Ha puc.84 mpencraBieHsl pe30HaHCHBIE aMIUTUTYAHBIC
XapaKTePUCTUKHU, T.€. 3aBUCHUMOCTH aMIUIMTYyIbl KojeOaHMH OT 4acTOThl BBIHY)KIAIOIIEH CHJIBI IIPH
Pa3JINYHBIX 3HAUCHUSAX BA3KOCTH:

Puc. 84

] iy

HavanpHast ¢asza kojeOaHUMH Takke 3aBUCHUT OT 4YacTOThI BBIHY)KIaromled cuibl. ['paduku
3aBHCUMOCTH Ha4allbHOHM (ha3bl KOJeOaHHs OT YaCTOTHl BBIHYKJAIOMIEH CHIIBI, Ha3bIBacMble (ha30BBIMU
PE30HAHCHBIMU KPUBBIMHU, JIJIS1 pa3IMYHBIX 3HAUYCHUH BS3KOCTH MPUBEICHBI HAa PUC.85.
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W3 mony4eHHBIX pe3yiIbTaTOB HE COBCEM OUYEBUIHBIM SBJISCTCS TO, YTO NMPU PE30HAHCE KoJieOaHUe
OTHOCHUTEIIFHO BBIHYXKAAIOIICH CHIIBI cMelleHO 1o (ase Ha 7/2. Ha mepBwiii B3risig KaxeTcs, 4TO
CMEII[CHHE W BBIHYXKIAOIIasi CUJia JTOJDKHBI coBNaaaTh mo (asze. Ha camom jgene pabora cuiel Oyzer
MOJIO’KUTEIIbHOM (YBEIMYMBATD SHEPIHUIO KOJIeOaHMii) B TOM CiIydae, eCiiu cuja OyIeT coBmaaaTh 1o (ase
HE CO CMEIIECHUEM, a CO CKOPOCTBI0. B MpPOTHBHOM cCilydae Ha OTACTBHBIX yYaCTKaX TPACKTOPUU CHUIIA
OyJIeT HampaBJieHa MPOTHUB JBMKCHUS Tela M YMEHBIIATh €ro CKOPOCTh U, COOTBETCTBEHHO,
MaKCHUMalIbHOE CMEIICHHUE.



16.5. 1o0poTHOCTH K0J1€0aTeIbHbIX CHCTEM

C KavecTBEHHOW CTOPOHBI MEXaHWYECKYI0 KOJEOATEIbHYI0 CHUCTEMY MOXKHO XapaKTepU30BaTh
COOTHOIIICHHEM MEXJIy CHIAMH YIPYrOCTH W CWIAMH BSI3KOTO TpeHHs. [lepBble TMOAJICPKUBAIOT
KOJIeOaHwsI, BTOPBIC - CITOCOOCTBYIOT UX 3aTyXaHHIO. JJOOPOTHOCTHIO K0OJIeOaTeIhHOM CHCTEMBI HAa3bIBAIOT
BEJIMYWHY, OMPEACIAECMYI0 OTHOIICHUEM IMOJTHOW MEXaHWYECKOW YHEPIHMH CHUCTEMBI K ITOTEPSAM DHEPTUU
3a OJWMH TIEPUOJ, B3sATOE s J0Ooro mepuona koiebanuii. CyIIECTBYIOT W APYroe ONpeAeicHUE
nobpotHocTH. Hanpumep, T0OPOTHOCTH ONMPENEIIIOT KaK YMCIO PajiiaH, Ha KOTOpoe M3MeHseTcs (asa
KoJIeOaHUM cCUCTeMa C 3aTyXaHHEM MPH YMEHBIICHUH YHEPTHH CUCTEMBI 10 3HAUCHYIS:

E= Eoe’1
Mur ornpeacImm Z[O6pOTHOCTI> KaK OTHOUICHUC pe3OHaHCHOﬁ AMIIIUTYAblI K TOMY CMCHICHUIO TCJA,
KOTOpPOE MPOU3ZOUAET MOJ NCUCTBUEM MOCTOSHHOM CHJIBI, YHCICHHO PaBHOM aMIUIUTYIE BBIHYXAAIOIICH
cuiel. Eciu Ha Temo OymeT neicTBOBATh IMMOCTOSHHAS CHJIa, paBHAS aMIUTUTYIC BRIHYKTAIOIICH CHIIBI, TO
TCJIO 6y;[eT OTKJIOHATBHCA OT IMOJIOXKCHUA PABHOBECHUA OO TCX IMOP, IOKAa CUJIBI YIIPYTOCTU HEC YPABHOBCCAT
BHCIHIHIOKO CUITY. CMCH.[CHI/IC TCJIa OT MOJIOKCHUSA paBHOBCCHS IIPHU 53TOM 6yI[CT paBHO:

Ilpu neiicTBUU K€ Ha TEJIO FapMOHUYECKOW BHEUIHEW CHJIbI ¢ aMIUIUTYJ0i Fy u yacToToi, paBHOM
PE30HAHCHOM, aMITTUTY/1a KOJIcOaHid MPUHUMAET 3HAUCHIE:

£y
a, =—-7>=m (331)

pes
2n\J@] —2n’

OTHONICHHE PE30HAHCHOW aMIUTUTY Bl K CMEIIICHHIO TeJla MO JEHCTBUEM MTOCTOSHHOM criibl Fy paBHO
ape3 k

B )
ay 2mn\/ W, —n

2 o
IIpUHHUMAs BO BHUMAHHC, YTO — = (W, X YTO KBAJAPAT YaCTOTHI COOCTBEHHBIX KOJcOaHUH MHOTO OOJbIIE
m

Il2 , MOXXHO JaJICC 3a1ucaThb, 4TO
2
a. . o, 27 i
o 0 == (332)
a, 2no, T-2n O

o T
3I[CCI> o - J'IOFapI/I(l)MI/I‘lCCKI/II/I ACKPCMCHT 3aTyXaHUs. BCJ'II/I‘-II/IHEIG = g - Ha3bIBACTCA ,I[06p0THOCTI>IO

Kose0aTeNpHOM cucTeMbl. Kak BUIHO U3 MPUBEICHHOTO BHIPAKEHUS, €T0 MOXHO MIPUMEHSTH JUTSl OLEHKU
KadecTBa KoyieOaTeIbHOW CHUCTEMBI HE3aBHCHMO OT €€ MpHpoAbl. JleficTBUTENhHO, JIOTapuMIIeCKHiA
JIEKPEMEHT 3aTyXaHUs SBISIETCS XapaKTePUCTUKON KoeOaTeTbHOW CUCTEMBI JIF000H PUPOIBI, ONTMCHIBAS
C KOJIMYECTBEHHOW CTOPOHHKI MPOLIECC 3aTyXaHUs KOJICOaHHMA.

YcraHoBIeHHE KOJICOAaHMA B CHCTEME 3aBHCHT KaK OT CBOMCTB CaMOW CHCTEMBI, TaK U OT XapakTepa
BBIHY)KJAIOIIEH Cuibl. ECIM K MOMEHTY Hadajla BO3JEHCTBYSl BHEIIHEH CHJIBI CHCTEMA ITOKOWJIACH, TO
CHavaja B CHUCTEME BO3HUKAIOT KOJeOaHUs, MapaMeTphl KOTOPBIX OYAYT H3MCHATHCS C TECUCHHUEM
BPEMEHH. JTO - TaK Ha3bIBAEMBIC HEYCTAHOBHBINHWECH KoJjicOaHus. TONBKO MO UCTCUEHUM JIOCTATOYHO
OOJBIIOTO TIPOMEXKYTKA BPEMEHH B CHCTEME YCTAHOBSTCA IMEPHOAMYECKHE KOJIeOaHUs C MepuozIoM,
PaBHBIM TIEPUOJY BBIHYXAarolied cwibl. J[o 3TOTO ke KojeOaHus MOTyT OBITh HE MEPHOAMYECKUMU.
YcraHoBneHue KojeOaHUl B CHCTEME MPOUCXOIUT TeM OBICTpee, YeM OOJbIlle 3aTyXaHUE B CHCTEME.
Takum 00pa3om, B KojaeOATEIBLHBIX CHCTEMaX C BBICOKOW JOOPOTHOCTBHIO YCTAHOBHBIIHECS KOJCOAHMS
BO3HHUKAIOT HE Cpa3y MocJie Hadana JeHCTBUH MEPHOANYECKON BEIHYKIAIOIEH CHIIBI, a Yepe3 TOCTaTOYHO
0OMIBIION TPOMEKYTOK BpeMeHH. B TeueHue 3TOro BpeMeHH (OCOOCHHO TPU YacTOTax, OMU3KHX K
PE30HAHCHOW) aMIUIUTy/Aa KoJieOaHWi OyJeT MEePHOAWYECKH HW3MEHATHCS, MPUYEM ATH H3MEHEHHS
aMIUTATY/IBI TIOCTETIEHHO yMeHbImatoTcs. [Ipu gocTatodno ke OONBIIOM 3aTyXaHWW MPAKTHYECKH CPasy
BO3HUKAIOT  TICPUONMYECKHE  KOieOaHMS ¢  TIOCTOSIHHO  YBEIHYUBAIONICHCS  aMIUIHTYIOM,
MPHUOTIKAIONICHCS TT0 3HAYCHUIO K aMIUIUTY/JIe YCTaHOBHBIIUXCS KoneOanuit. [loaromy konebaTenpHbIC
CHCTEMBI C BBICOKOM TOOPOTHOCTHIO HE BCET/IA ABISIOTCS ONTHMAIBHBIMH B TEX YCTPOWCTBAX, B KOTOPBIX
HE00X0aMMO OBICTPO BO3OYAUTH KOJICOAHUS TIPH BO3IEHCTBUN BHEITHUX ITEPHUOTHIECKUX CHIL.



16.6. MATEMATHYECKHIHA MASATHHUK

MasTHUKOM OOBIYHO HA3BIBAIOT TBEPIOE TENO, CIIOCOOHOE TOJ JCHCTBUEM IPHIIOKECHHBIX CHIT
COBEPIIATH KOJICOAHUS OTHOCUTEIHHO KaKOTO-JIN00 IIEHTpa WK ocH. ECn THI MasTHUKA CIIEIHAILHO HE
OTOBOPEH, TO CUUTAETCS, UYTO MASTHUK COBEpIIACT KOjaeOaHUs IO NEHCTBUEM CHIIBI TSYKECTH.

[Ipocrelimmii MasSTHUK TPEACTABISAET CO00M HEOOINBIIIOE MACCUBHOE TEJO, MOABEIICHHOS HA HUTHU
WIH YKPEIUIEHHOE Ha KOHIIE JIETKOTO CTep KHsI JNMHBI /. EClM MO yCIOBUSAM 3KCIIEPUMEHTA HUTH MOYXHO
CUMTATh HEBECOMOW M HEPACTSHKUMOM, a pa3MepaMH Tejla MOKHO MpeHeOpedh M0 CPaBHEHUIO C JJTHMHON
HUTH, TO MAsSTHUK MOXXHO paccMaTpuUBaTh KaK MaTepUaIbHYIO TOUKY, HaXOSIIYIOCS Ha HEU3MEHHOM
paccTOsSsHUM OT TOYKM IMojABeca. Takod MasTHUK Ha3bpIBaeTCsl MareMaTtudeckuM. Ha mpakTuke
MIPUBEIACHHBIC BBIIIC YCIOBHS SBIISIOTCS TPYAHO BBHITIOJHUMBIMH, TEJIO HENB3S CUUTATh MaTEPHAITBLHOMN
TOYKOM, M MAATHUK HAa3bIBAIOT B 3TOM Cliydac PU3NUCCKHM.

3aKOH JBIKEHUS MATEeMaTHUECKOrO0 MasTHUKA MOKHO MOJYYUTh M3 OCHOBHOI'O 3aKOHA AMHAMHUKHU
JUTSL BpalaTeabHOro JABMKEHHUsA. [Ipeanoaoum, 4To Macca Tejla paBHAa m, JJIMHA HUTH 1, a pasMepamu
TeJja M0 CPABHEHHIO C JJIUHON HUTH MOXKHO IpeHeOpeub. Eciu Telo MasTHUKA OTKIOHUTH OT HOJIOMXKCHHS
paBHOBECHS Ha MaJBIH Yrojl a<=5°, TO 3TO IOJIOKCHHE HE OYIET YCTOWYMBHIM, M MASsTHHK HAaYMHACT
nerkenne. OTHOCHTENbHO TOuku TogBeca O (puc. 86) MOMEHT CHIIBI HaTsDKEHUS HUTH paBeH (),
MOCKOJIbKY JIMHUS ACHCTBUS CHIIBI TSHKECTH IIPOXOIUT Yepe3 TOUKY MOABECa.

Puc. 86

MoOMEHT K€ CHIBI TSDKSCTH OTHOCHUTCIBHO TOYKH nmoABeCca OTIUYCH OT HYJIA U pPaBCH

m

M ‘ =mglsin ¢ . [ToCKOJBKY TPU MaJBIX YIJIaX MOKHO CUMTATh (X =SiN ¢, TO BBIPAKEHHE MOMEHTA

'

CHJIBI TSHKECTH OKOHYATEILHBEI MOKHO 3amucarh Kak M = —mgla . 3nak '-' 03Ha4acT, 4YTO HAIIpaBJICHUC

MOMCHTA CHJIbI TAXKECTU NPOTHUBOIIOJIOXKHO YIJIOBOMY OTKIIOHCHHUIO MasTHUKA. MowmeHT WHCpUUN IJId

o 2 . o
MatepuanbHOl Touku paBeH [ =ml”. C yuéToM CKa3aHHOTO OCHOBHOM 3aKOH JMHAMUKH Ul MasTHUKA
NPUHAMAET BU/I:
2
,d '«
ml” ———=-mgla

dt
[pueenem auddepeniranbsHoe ypaBHEHHE K hopme:

2
‘iltf‘ +§a ) (333)

OTMeTHM, YTO 3TO ypaBHEHHWE SIBIIIETCS YpPaBHEHHWEM TapMOHHYECKHUX KoseOaHwil. PemeHuem ero

ABIIETCS TapMOHMYecKas QYHKIHUA O =, Sin(a)t+go). Huknudeckas dacToTa, ompeaenseMas

g . .
BBIPpAXCHHUEM @ = 7 , 3aBUCHUT OT CBOUCTB CaMOro MasTHHKA. Tak kak Iepruoag KoJleOaHMM CBSI3aH C

I.IHKHPI‘JCCKOﬁ ‘laCTOTOfI, TO M €TO 3HAYCHHUC TAKXXC ONPCACIIACTCA MapaMeTpaMu MasdTHUKA U HC 3aBUCUT
OT Ha4YaJIbHBIX YCHOBHﬁZ

T=27ri

g
OtMmeTnM Takxke, 94TO Kak caMo ud(epeHInanbHOe ypaBHEHHE JBIKCHHS, TaK M €ro peIICHHE
HOJIY4€HBl B IPEINOJIOKEHUN, YTO YIJIOBBIE OTKJIOHEHMs MAasTHUKA OT IIOJIOKCHHS PaBHOBECHS MaJlbl.
Ecnu xe yrnoBeie aMIumuTyAs! OyayT OoJibllle YKa3aHHON BEIMYHMHBL, TO pemieHue AugepeHInaIbHoro



2

g

+7a=0 HE JacT TakoW MpocToii rapmoHuueckoit ¢opmel. KoneOanus He OyayT

ypaBHEHUS
dr?

TapMOHUYECKUMH.

3aKOH JBMXKEHUS MaTEeMaTHUYECKOTO MasTHHKA MOXXHO MPEACTAaBUTh U B HECKOJIBKO WHOM BHJIC.
[IpenronoxuM, 9TO OTKIIOHEHHE TEJla MAajgTHHUKA OT MOJIOKEHHS PAaBHOBECHS 10 TOPH30HTAIH PaBHO X.
JuddepennmansHoe ypaBHEHUE JBMKEHUS Tella MasTHUKA 3alHINEM 110 BTOPOMY 3aKOHY JTHHAMHUKHU B
MPOCKIUSAX Ha TOPU3OHTAILHOE HampasieHue. [Ipoekiuio paBHOACHCTBYIONMIECH CUITBI HA TOPU3OHTAIIEHOE

HaIlrpaBJICHUE MOXXHO OIIPCACIINTh KaK Fv)r =mg - lgO( . HpI/I MaJIbIX OTKJIOHCHHAX BBIIMIOJIHACTCSA YCIOBHUE

X

. X
tga =sina IMosromy  F :—mg7, rae 3HakK "-" O3HaYaeT, YTO TOPHU3OHTAJIbHAS TIPOSKIIHS

PaBHOJCHCTBYIONIEH CHIIBI HAIpaBlICHA MPOTHBOMOJIOXKHO cMenieHno [. C  y4€ToM CKa3aHHOTO
T QepeHnnalILHOe YpaBHEHHE JIBHKCHUS MOKHO TTPEJICTABUTH B BUJIC
2
d ? +Ex=0
dt /

YpaBHeHHe, KakK BHJIHO, TakKe NPEACTABISCT co0oil  muddepeHIMaIbHOe YpaBHCHHE
TapMOHUYECKUX KOJIeOaHUH, PEIICHHEM KOTOPOTO SBISICTCS rapMOHHYEcKas (pyHKIuUs x=xo*sin(wt+o) .
Takum 00pa3zoM, TMHEHHbIE OTKIIOHCHHS Tejla MAasSTHHKA OT IMOJIOKEHUST PAaBHOBECHS TAKXKE W3MEHSIOTCS
110 TAPMOHUYECKOMY 3aKOHY C TOH K€ IUKJINYECKON 4acTOTOU

16.7. IPYKUHHBIE MASATHUKHA

IIpyxMHHBIE MasSTHUKY MPEACTABIISAIOT COOO0H Tella, yKPEIUIEHHBIE Ha YIIPYTUX NpykuHax. [Ipu aTom
YIPYTOCTBIO CAMOTO TeJIa U MacCOW MPYKUHBI TPEHEOPETaroT.

1/\/\/\5\/\/\—# =

Puc. 87
m

B 3aBHCHMOCTH OT crtoco0a KpEryiCHUs MasTHUKA U MPEIOCTABIAEMON eMy CBOOOIBI TIEPEMEIIICHHSI
€ro MepeMEeIICHUE MOXKET MPOUCXOAUTh TOJBKO MOJ MEHCTBHEM CHIIBI YIPYrocTd (TOPHU3OHTAIBLHO
PACIOJIOKCHHBIN MasTHHK) WM MO JCHCTBHEM CHII YIIPYTOCTH M CHJIBI TSDKECTH Tejla MasTHHUKA TPH
BEPTHKAJIBHOM PacIoioKeHHU MasTHHKA. Ha puc.87 npecTaBieHsl 06a MasTHUKA.

PaccMOTpUM CHayajga TOPH3OHTANBHBIN MPYKHHHBIH MasTHUK. EcCiu Tely MasTHHKa COOOLIMTH
OTKJIOHEHHE OT MOJIOKCHHUSI PAaBHOBECHS X, TO Ha HEro OyIeT NeHCTBOBATH CHJIA YIPYTOCTH MPY>KUHBI,
HPOIOPIMOHANIBHAS TIPU MaJbIX OTKJIOHCHHSAX TEPBOW CTEMEHH CMENICHHS M MPOTHBOIOIOKHO €My
HampaBjieHHas. [lox JelcTBHEM 3TOM Cuiibl M OyJeT NPOUCXOIWTH JalbHEWIlee JBWKEHHE Teja
MasTHHUKA. [10 BTOpOMy 3aKOHY AUHAMUKH A (EepeHIINATbHOE YPaBHEHUE ABWKEHHS TIPHHAMACT BUI:

d’x k
+—x=0

ar’ m
T.e. siBIsACTCS ypaBHEHUEM TAPMOHMUYCCKHUX KOIEOAHUH, PEIICHUEM KOTOPOTO SIBISICTCS TapPMOHUYECKAs
(OYHKIHS:

x = x, sin(wt + @, )

m
[Tuknnyeckas 4acToTa paBHA @ = ,|— , @ IEPHOJI, COOTBETCTBEHHO, 1 = 277, |—
m

k

Takum oOpazom, mepuox KoneOaHM (UMKIMYECKas YacTOTa) ONpeAessieTcsl MapaMeTpamu
MasTHUKA, YTO K€ KacaeTcsl aMIUTUTYAbl KOJIe U HadaJbHOH (has3bl, TO OHM, KaK OBUIO CKa3aHO paHee,
OIIPENIEJIAIOTCS U3 HAUYAJIbHBIX YCIIOBUH.

IIpu BepTUKaIbHOM pACIOJIOXKEHUU MAasTHUKA HA XapakTep IBIDKEHHs Tena OyleT OKa3blBaTh
BIMSHME HE TOJBKO CHJa YIPYTrOCTH MPYKHMHBI, HO M cWia TsKecTH Tena. Ilpu oTkioHeHHH Tenma ot



TTOJIOKEHUST PAaBHOBECHS Ha X, HA HETO OyIyT AEHCTBOBATH CHIJIA YIIPYTOCTH M CHIIA TspKecTH. [Ipu Mansx
OTKJIOHCHHSIX CHJIa YIPYTOCTH MPOIIOPIHOHATRHA TIEPBOW CTETICHH CMEIICHUS W TPOTHUBOTIOIOKHO eMy
nanpasieHa F =—kx. [lo BTOopoMy 3aKOHy IWHAMUKH 3amuiieM au(depeHnnan-Hoe YpaBHEHUE
JABHXCHUS:
2 2
d°x dx k
m—s=—kx+mg wm ——+—x=g
dt dt= m

B oTnmuume ot npenpiIymiero ciryvas mpaBasi YacTh ypaBHEHHS HE paBHA HYJIO, ypaBHEHHUE SBISIETCS

HEOIHOPOIHBIM. PeniennemM Takoro ypaBHeHUs OyleM HCKaThb B BHAE X = X, Sin(a)t+(oo)+C . IHocne

IMOACTAHOBKHU MCKOMOTI'O PCIICHUS B YPABHCHUC ABUKCHUS IMOJTYUaCM TOXICCTBO:
2 . k. k
— Xy sm(a)t + ¢0)+Zxo sm(a)t + ¢0)+ZC =g

m
Kak BHIHO TOXAECTBO BBHITTOIHSICTCS Impu yCJIOBHH, UTO C= Tg .

Jlerkxo y6eI[I/ITI>C}I, YTO JOTOJHUTEIBbHBIN MOCTOSHHBIN YIICH B PEIICHUN O3HA4Ya€cT CMCIICHUE TCJa
MasATHHUKA B ITOJIOXKCHHUU PABHOBECHUS 10/ JICICTBUEM CHJIBI TSHKECTH.

16.8. ®PUSUMYECKUMN MASITHUK

B peanbHBIX ciydasx Tena MasTHHUKOB HEINb3sl pacCMAaTPUBATh KaK MaTepUalbHBIC TOYKH, T.C.
pasMepamMu Ten Henb3s mpeHeOperatb. OOBIYHO (DU3MUYSCKUM MAasTHUKOM HAa3bIBAIOT TBEPJOE TeEIO,
CIocOOHOE coBepIIaTh KojeOaHusl TOJ NEHCTBHEM CHJIBl TSDKECTH BOKPYT TOPH3OHTAJIBHOM OCH, HE
MIPOXOJISIEH Yepes3 IeHTP Mace Tema.

Puc. 88

Ecim ke och TpoOXOaUT Yepe3 LEHTP Macc, TeNO0 HAXOJWUTCS B TOJOXKCHUH Oe3pa3InaHOro
paBHOBeCHs W HE SBJICTCS MasTHUKOM. DU3NMUECKUIl MasSTHUK MPOU3BOILHON (HOpMBI MpHBEICH Ha
puc.88.

[Ipenronoxum, 4To TEIO MAaITHUKA OTKJIOHSETCS OT MOJOXKCHHS paBHOBECHS Ha Mablil yron o. Ha
TENO MasTHHKA JCWCTBYIOT CHJIA TSDKECTH, MPOXONAINas Yepe3 IICHTP Macc, W CHia PEaKIUu OIOpPHI,
npoxoJsmas yepe3 ock O. Eciu MOMEHT WHepIMH Tella OTHOCUTEIBHO OCH, MPOXOJISIIeH Yepe3 IEeHTP
Macc MmapajijieIbHO OCH BpallleHUs Tela, paBeH /. , To mo TeopeMe [ tolirenca-11ITeitHepa MOMEHT UHEPIIUN
Tena OTHOCHTENbHO ock O paBeH . +ma’, Te a - PacCTOSHIE MEX/Iy OCsIMH. MOMEHT peakiiiy moaBeca
OTHOCHUTEIIFHO OCH BpAIllCHUS] PaBEH HYIIO, MMOCKOJIBKY JIMHUS JEHCTBHS PEaKIMU MPOXOIUT Yepe3 ATy

=mgasina . [lpu MalsIX yriaXx OTKIOHEHHS BBITOIHIETCS

0Cb, @ MOMEHT CHIIBI TSKECTH PaBeH ‘M

nmn

yCJ'IOBI/Ie (04 Sina , T.€. MOMCHT CHJBbI TMIXKCECTHU MOXKHO Hpe,[[CTaBI/ITB B BHJEC -mgaa . 3HaK
yI(aSLIBaeT Ha TO, 4YTO HaHpaBJIeHI/Ie MOMCHTA CHUJIBI 1 yT.HOBOC OTKJIOHCHHUC HpOTI/IBOHOHO)KHBI. OCHOBHOC
ypaBHeHI/Ie JUHAMHUKHU Bpa]l[aTeHBHOFO JOBUXXCHUA HpHBOI[I/IT K ,Z[I/I(i)q)epeHuI/IaJIbHOMy ypaBHeHHIO
JOBMKCHUS TCJIa MadTHUKA B BUJC:
2
d o mga
=0 (334)
a1,
Kak 1 B IpebIayIuX CIIyqasx, ero pecHUeM SBISIETCS TApPMOHUYECKast (PyHKIHUS 0=0*sin(wt+o).
Kpyrosas uacrora koie0aHHi MAasATHUKA ONPENEISIETCA COOTHOIEHUEM




IO
A HepI/IOZ[ KOHe6aHI/If/’I, COOTBCTCTBCHHO, paBeH:
27 I
T="=2r -2 (335)
w mga

CpaBHUBasi BBIpOKEHUS Ui TEpUoJia KoJeOaHUI MaTeMaTWU4ecKoro M (YM3MYECKOTO MAasSTHHUKOB,
3aMETHM, YTO TepHoJ| KoyieOaHui (Qu3HIeckoro MasTHHKAa pPaBeH IEpHONy KOJIeOaHUI Takoro
MaTeMaTHYeCKOT0 MasTHIKA, KOTOPBIA UMEET UINHY:

W3 takoit aHanoruu BeMU4nHy /,, Ha3bIBAIOT MPUBEAEHHON ATUHON (U3NIECKOTO MasTHHUKA.
p
[lockonbKy MOMEHT MHEpUWH (PU3MYECKOr0 MasTHHKAa OTHOCHUTENBHO OCH BpalCHHs IO TeopeMme
T'roitrenca-IlIteitHepa paBeH:
2
I.+ma
MPUBEEHHYIO JUTMHY MOYKHO 3aIHCaTh B BUE:
2
I, I,+ma 1
R | +

c

np
ma ma ma

CremoBaTeNbHO, MPUBEAEHHAS ITHHA (PU3NIECKOTO MAasSTHUKA OOJIBINE PACCTOSIHHS OT OCH BpAIICHUS 10
LICHTpa Macc Tela Ha BeIMYMHYy I./ma.
W3 BeIpaxxeHus uist ieproa KoiaeOaHuil pu3ndeckoro MasTHUKA:

BUJIHO, YTO TIPH OUYCHb MAJBIX 3HAYCHHUSX a (OCh MAsTHHKA MPOXOJIUT OJM3KO K LEHTPY MAacC) U IMpU
OOJIBIINX €ro 3HAYCHUSIX MePUO/ KoJIeOaHni IPUHUMAET MaKCUMallbHbIe 3HaYeHUs. ClieIoBaTeNbHO, PU
HEKOTOPOM TPOMEXKYTOUYHOM 3HAUCHWH TEPHOJ KoJieOaHWil OyJeT MHHUMAaIbHBIM. 3HAUYCHUE a, MpPU
KOTOPOM Iepro/] KojeOaHuit Oy 1eT MUHUMATBbHBIM, MOJKHO HAWTH M3 YCIIOBUS KCTPEMyMa:

d—TZO,T.e. 1- L =0,a= L

da ma m

I'paduk 3aBUCHMOCTH TIepHojia KOJICOAHWH OT pPACCTOSIHMSL OT OCH MAasTHHKA JO IEHTpa Macc

MpUBECH Ha purc.89. T

Puc. 89

a

Touka MasATHHMKA, Jieaillasg Ha MOPSIMOM, COEJUHAIONIEH TOYKY IMOJIBECa M IIEHTP Macc Ha
paccTosHUY, paBHOM MPUBEAECHHON JUIMHE, HA3bIBAETCA IEHTPOM KauyaHUs MasSTHHKA.

16.9. OBOPOTHBII MASITHUK

BaxxHbIM TpEUMEpPOM TIPAKTUYECKOTO TPUMEHEHHS (U3MUYSCKUX MASTHUKOB SBISETCS Tak
Ha3bIBAEMBINI OOOPOTHBI MASTHHK, CIYXKalTUi MPEUMYIIESCTBEHHO ISl TPAaBUMETPHUYECKON Pa3BEIKH,
oTpeieNieHHs] YCKOPEHHs CBOOOTHOTO TaIeHUs B TAaHHOW TOYKE 36MHOM MOBEPXHOCTH. (151 JOCTIKEeHUS
ATOM TIENTU B MPOIECCE IKCIEPUMEHTA MAsITHHUK 3aKPEIUISIOT TaK, YTOOBI €r0 IISHTP KaYaHUs CTall HOBOM



TOYKOM TOJBeca W CHOBA M3MEPSIIOT IepHo KoeOanuii. Ecin mepronsl KojrebaHuii MasTHUKA B 000HX
CJIydasiX OJIMHAKOBBI, 3HAYMT PaBHBI M TPHUBEJIEHHBIC JUIMHBI MasSTHAKOB B 00OWMX ciiydasx. TeXHHKa
U3MEpPEHUS JJIMH BBICOKA, IO3TOMY, U3MEPSI PACCTOSHUE MEXAY TOUKAMU MOJBECA B ABYX MOJIOKEHUIX
MasTHHUKA, MOXHO C BBICOKOH CTENEHBIO TOYHOCTU OMNPEACTUTH MPUBCACHHYIO JIMHY MAasTHUKA, U
M3MEpPHB MEPHOJ] CaMO 3HAUYEHHE YCKOPEHHUSI CBOOOTHOTO MaACHUS:
47z21np

T2

Jnst ompeneneHus YyCKOPEHUsT CBOOOIHOTO TAJCHUS MOXKHO ObUTO Obl, KOHEYHO, NMPUMCHHUTH U
MaTeMaTH4ecKuii MasTHUK. Ho mpuOimkeHns, KOTOphIe MBI IPUMEHSEM, CUUTas (PU3UICCKUIA MasSTHUK
MaTeMaTH4YeCKUM, He MOTYT OOECHedHTh JOCTATOYHO BBICOKYIO TOYHOCTHh M3MepeHmil. Kpome Toro, B
SKCIEPUMEHTE BECbMa 3aTPYAHHUTEIBHO ONPEACIUTh IOJOXKEHUE IEHTpPa Macc Tela MasTHUKAa U
paccTosiHue 0 HEro OT TOYKHM MojaBeca. Bc€ 3TO MpUBOAUT K TOMY, YTO ISl TOUHBIX OIpPEICICHUM
YCKOpEHHUs] CBOOOTHOTO MaJeHUs HEOOXOAWMO CUYUTATh MAsSTHUK (PH3MYECKHM, a 3TO NPUBOAHUT K
JIOTIOJTHUTENBHBIM TPYAHOCTSIM.

OuyeHb BaXXKHBIM, C TOYKH 3PEHUS TPABUMETPUUYCCKUX U3MEPEHMUS, SBISETCS CIEIYIOUIECE CBOWCTBO
(U3NYECKOro MasiTHUKA: €CJIM 3aCTaBUTh MAasTHHK KOJICOATHCS OTHOCHUTEIBHO IIEHTpa KadaHWs, TO
MPEXHSS TOYKAa IO/IBECa CTaHET HOBBIM IIEHTPOM KadaHWs, MHA4Ye TOBOPS, HEHTP KadaHUsS M TOYKa
moJiBeca 00JIaatoT CBOMCTBOM COTIPSKCHHOCTH.

g:

Puc. 90

Ompenenute MONOKEHNWE NEHTpPAa KadaHUs pacdETHBIM IyTEM 3aTPyJHHTEIBHO B pPEabHBIX
YCIOBHSAX SKCIICPUMEHTa, COOTBETCTBEHHO, TPYIHO C JOCTATOYHOH CTENEHBIO TOYHOCTH ONPEICIUTH
NpUBEAEHHYIO JUIMHY MasiTHHKA. Ho, Monp3ysch yKa3aHHBIM CBOMCTBOM (PM3UUECKOTO MASTHUKA, MOYKHO
OYECHb TOYHO OIPEACIUTH PACCTOSHHUE MEXKAY [BYMS TOYKAMH MAasTHHKA, TEPUOIBI KoeOaHHH
OTHOCHUTEIIFHO KOTOPBIX PaBHBI MEXKIYy COOOH, T.C. ONPENeNUTh NMPUBEAEHHYIO UIHHY. JloKakeM Temepsb,
YTO €CIU MOABECUTh MAasTHHK B LIEHTPE KayaHUs, TO MPEKHSSA TOYKA MOJBECa CTAaHET HOBBIM LIEHTPOM
Ka4yaHus, T.c. IpUBEAEHHAS ATMHA MasTHUKA HE H3MEHHUTCS.

Jlns mokaszarenbCTBa paCCMOTPUM (PU3UYECKMN MAsSTHUK MPOHM3BOJLHONW (POPMBI, IIPEACTABICHHBIN
Ha puc.90. 3nece O - Touka moaseca, C - neHTp Macc, O'- IEHTp KayaHHUs MasTHHKA, X - PACCTOSIHHUE
MEKIYy TOUKOH MoJIBeca 1 IIEHTPOM Macc MasiTHUKA.

Ecmm mastHuK nozBemeH B O, To nmpuBeaEHHAs IUTHMHA €ro OyaeT paBHa:

1,

mx
[Ipu moBopoTe MasiTHUKA M HAKOTUIEHUH ero B T. O' mpuBeAEHHAS JUTHHA CTAHOBUTCS:

ey

by = milnp —x)

ITo Teopeme Troiirenca-llITeitHepa MOMEHT MHEPIIMU MasiTHUKa OTHOCHUTEIBHO OCH, MPOXOASIIEH

np

gepe3 O°, MOXKHO 3amucaTh B Buie 1, +m(lnp —x)z. C yué€ToM 3TOro mpuBeAEHHAS JJTHHA MAasTHUKA B
ciaydae, korma O' cTaHOBUTCS TOYKOHU IOJIBECA, paBHA!

o +m(lnp —x)z R +mx? +ml,, (lnp —Zx)

LN (RSSr: R

ITociie HeCMOXKHBIX MPEOOpPa3OBaHUl MOTydaeM, YTO MPUBEACHHAS JJIMHA MAasTHUKA OJMHAKOBA B
TeX CIydasx, KOrja MasTHHK KoJjieOyercs oTtHocuTenbHO Touek O' m O, T.e. mpuBenéHHas IIMHA HE
U3MEHSETCS:




I
; :Io"'):(lnp_zx):Io(x'”np_zx):A:l
"w Wl(lnp —X) mx(lﬂp —X) mx "

HU3MCPUB PACCTOAHUC MCKAY TOUYKAMU ITOABECA MAasITHUKA, IJId KOTOPBIX NEPpUOA TPUHUMACT OAUHAKOBOC
3HAYCHHUE, U U3MEPUB CaMO 3HaUCHHUE MEPHOZa KOJIeOaHHH, OMPEISIMM 3aTEM H YCKOPEHHE CBOOOIHOTO
aJacHUs.

2

4zl
g=—7>"
2
T

16.10. MUKJIOUJIAJTBHBIM MASITHHUK.

MateMaTrdeckuil ¥ (PU3HMUYECKUN MaSTHUKA UMEIOT IUKIMICCKYH0 YaCTOTY M NIEPUOJI, HE 3aBUCSIIIHE OT
aMIUTATYIBI KOJIGOaHWN TOJNBKO B TOM Cllydae, KOTJa aMIUIMTyna KojeOaHuii noctarouno mana. C
YBEIMYCHUEM aMIUTUTYIBI KOJIeOaHUH OHU TEpecTaroT OBITh, C OTHOM CTOPOHBI, TAPMOHHUYECKUMH H, C
JIPyroll CTOPOHBI, WX TEPHOA OYyJeT yXKe 3aBUCETh OT BEIWYMHBI aMITIUTybl. OIHAKO, HW3MEHSS
COOTBETCTBYIOIIIUM 00pa3oM MapaMeTpbl MasTHUKA, HANpUMep, [UIMHY MaTeMaTHUYeCKOro MasTHHKA,
MOJKHO JTOOUTBCS TOrO, YTO M MPHU OONBIINX 3HAYCHHUIX aMIUIUTY/IbI KOJeOaHUH Mepuo KoeOaHHi He
Oymer 3aBHCEeTh OT €€ 3HAUCHWsA. TakuM SBISETCS TaK Ha3bIBaeMbI IMKIOWAATIBHBIA MAasSTHUK.
uxmonaanbHBIM Ha3bIBAIOT OOBIYHO MATEMATUYCCKUI MAsITHUK, Y KOTOPOTO TEJO ABHXKETCS IO ACHCTBUEM
CHJIBI TSDKECTH TI0 JyTe IMKIIOWIIBI, OCh KOTOPOH BEPTHKAIBbHA, a BBIMYKIOCTh oOpareHa BHU3. Ilepmon
KOJICOaHHI IMKJIONAAIBHOIO MasTHUKA HE 3aBUCUT OT aMILIMTY bl M orpezessiercs: HopMynoi

T =47 |2 (336)
g
TaKI/IM 06paBOM, JUIA IUKIIOUJAJIBHOI'O MasTHHUKa CTpOFO BBIIIOJIHACTCA CBOﬁCTBO I/I3OXpOHHOCTI/I
xoneOanmii. Ha puc. 91 npuBeneHa pasHOBMIHOCTH IMKIOMAAILHOTO MASTHHKA, OTIMYAIOIIASACS OT
HpI/IBeI[eHHOFO cro OHpeI[eJIeHI/I}I TEM, YTO HUTHh MaTEMaTHYCCKOI'0O MasiTHHUKA HpI/I €ro KOHe6aHI/IﬂX KacacTcia
OUKJIOWABI, T.C. JJIMHA MAaTEMAaTHYCCKOIr0 MasATHUKa C pOCTOM OTKJIOHCHU: TCJIa OT ITOJIOXKCHUS paBHOBeCI/Iﬂ
yMeHBIHaeTC;[ Ha COOTBeTCTByIOH_IyIO ,[[yry IMUKJIOUOBI.

! X
T ‘—I—-
' | (m} |
— ‘ <X f o
s . Al ——0
| 33
Puc.91

[Nonoxxum, 4TO paguyc Kpyra, 00pa3yromero UKIOHIY, PaBeH a, a JUTMHA MasTHUKA 4q - YPaBHEHHE

OUKJIOUABI TOI'Ja MOXKHO 3aIllMCaTh B BUAC
X=a@—asin@ y=a(1—cos¢))
I7Ie Yol (¢ ToKa3aH Ha puc.9l1.

HpI/I KOJIEOAHMSIX MasATHHKA B JIOOOM MOMEHT BpEMCHHU €T0 JIMHA YMCHBIIACTCSA Ha BCIMYUHY OAYTHU
IIUKJIOUOBI, KOTOpOﬁ B OTOT MOMCHT BPEMCHHU KaCa€TCsA HUTh MasTHHKA. Hurse HalpaBJICHa 110 KacaTeJIbHOU K
OUKJIONAC B T. A. TanreHc yriia OTKIIOHCHUSA HUTU OT ITOJIOXKUTCIIBHOI'O HaIIpaBJICHUA OCH OX 1nerko
OMpPEACIIACTCA U3 BBIPAKCHUA:

dy  asingdp  sing 1)

t == = =ctg—
9 dx a(l-cosp)dp 1-cosp £

OTCIO,I[a BHUIHO, YTO YI'OJI OTKIIOHCHHA HUTH MasdTHHUKA OT BEPTUKAIIN paBeHg , JJIMHA OyT'W OMUKIOUbI

®»

OA paBHa 4a|l1- COS% , a4 JJIMHA HATU MasiTHUKA B 3TOT MOMCHT BPpEMCHU, COOTBETCTBCHHO, 4acos E .



IIpenmonokuM nayee, 4TO0 KoJeOAHUS MasTHHUKA BO30YXKTAIOTCS TONYKOM, T.6. €My COOOIIaeTcs
KUHeTH4YecKas SHeprus. [Ipy MakCUManbHOM OTKIIOHEHHWH Tella MasTHUKA OT TOJIOKEHHs PaBHOBECHUS TPU
OTCYTCTBHUHM CHJI COIPOTHUBIICHUS JBW)KCHHUIO JHEPrUsl €ro MOJHOCTHIO TEPEXOJWT B IMOTEHIMAIBLHYIO

2 Py %

SHEPrHI0O B MoOjJe TAroTeHus, T.e. E,=2mgasin ,rae  Ej-HaganpHas SHeprus, 7’" - yroa

MaKCHUMAJIEHOTO OTKJIIOHEHHS MasiTHUKA.
B mpow3BONBHEIN MOMEHT BpPEMEHH ITOJIHAS JHEPrusl MasTHHKa (cM. "DHeprus KoimeOdaTelIbHOTO
JIBIDKEHUS'') COCTOMT W3 KHHETUYECKOW DHEPTUH JBMDKCHHS W TIOTCHIIMATHGHOM SHEPrHU B TIONE CHIIBI
2 2
ml” ( da d
TokecTH: Ey = ——| — +mg(4a—y) 2ma® cos? 2| 42 29
2 \dt 2

W3 nomry4eHHOTo BBIpaKEHHUS [T 3aKOHA COXPAaHEHHUS SHEPTUH TOyYHM 3HAYeHHE YIIIOBOW CKOPOCTH
MasiITHUKA JUI IPOU3BOJILHOIO MOMEHTA BPEMEHU

+2mgasin®

E,—2mgasin’

(SRR

do _
dt

2 2

2ma“ cos @

HOCJ’ICZ[HCC BBIpa)KCHI/Ie I103BOJISACT OHpC,Z[eJ'II/ITB nepno;[ KOH€6aHI/Iﬁ MasiTHHKA. I[CﬁCTBHTCHBHO, BpeM}I
JABHOKCHUA MasTHUKA OT IIOJIOXKCHUA paBHOBCCI/ISI A0 MaKCUMAJIBHOI'O OTKIIOHCHUSA paBHO ‘-IeTBepTI/I
nepuoja, Io3ToMy

r % 2ma’ cos’

do

N N\e

o\l E,—2mgasin %

BI:Ipa)KCHI/Ie HUHTCIpajia MOXHO HPUBECTH K Oonee y,[[06HOMy U1 UHTCTPpUPOBAHUA BHUAY, YYUTbhIBAs
3HAYCHUEC KHHCTHYCCKOM OHCPI'Uu, COO6H.[éHHOﬁ MasATHUKY

cos (;
do
\/smz P —sin? @
2
ECJ'II/I HpI/IMCHI/ITB HOI[CTaHOBKy zZ= sm 5 I/IHTCFpaJ'I HpI/IBO,Z[I/ITC}I K Ta6J'II/I‘-IHOMy
sin (p'”
dz
S J'
2Pm _ 2

2

[locte nHTETPUPOBAHHUS TTOTyIaeM

sin

T a . z a w a

—=2_|— arcsin—— :2\/:-—=7r\/:

4 Vg sin 2 g 2 g
2 o

CrenoBartenbHO, TIEPHO]] KOJIEOAHUH UKIOHIATEHOIO MAsTHUKA COBEPIICHHO HE 3aBUCHT OT aMILIUTYIbI
KoJeOaHmii, T.e. CBOWCTBO W30XPOHHOCTH KOJICOAHWI BBHITIONHACTCS CTPOTO. 3HAYCHHWE IIepHojIa
KoJleOaHMii Oy/IET ONPENeNAThCS TONBKO MapaMeTpaMy CaMOW IUKIIOUIBI (PaycoM Kpyra, 00pa3yromiero
UUKJIOUY):

Pm.
2



T=4r_|—
g

16.11. IYTOBOM MASITHUK

O‘i Puc. 92

JIlyroBoit MasTHHK TpPEICTaBISAET COOOM TENIO, Macca KOTOPOTO paclpeesieHa o Ayre OKPYKHOCTH
onpenenéHHoro pammyca (puc. 92), cCroOCOOHBIM BpaImatbCcs BOKPYT OCH, MPOXOAAIICH depes T. A.
CBoiicTBa TaKOTO MasTHUKA OTJIMYAIOTCS OT CBOWCTB YK€ PaCCMOTPEHHBIX. J{J1s1 yroBOro MasTHUKA HE
BBITIOJTHSIETCS CBOMCTBO M30XPOHHOCTH KOJIEOaHMIA, HO TIEpHOI ero KojeOaHuil He 3aBUCUT OT pa3MepoB
IIyTH.

3aKOH JIBWXKCHHUS AYTOBOTO MAasTHHKA MOXKHO BBIBECTH M3 OCHOBHOTO YpPaBHCHHS TUHAMWKH IS
BpalIaTeIbHOTO ABIDKEHHA. B monojkeHnn paBHOBeCHsI MasgTHHKA TOYKa MofBeca ero u eHTp macc (T. C)
JeXaT Ha OJHOM BepTUKau. [Ipy OTKIOHEHNH MasTHHKA OT MOJIOKEHUSI pAaBHOBECHS BOSHHKAET MOMEHT
CHJIBI TSDKECTH, BO3BPAILIAIOLINN €Tr0 B TOJNOKEHUE paBHOBecHs. [Ipeamnonokum, 4To MasTHUK OTKJIOHEH
OT TOJIO’KEHUS paBHOBECHSI HA YToJl o.. MOMEHT CHJTBI TSDKECTH TPU 3TOM PaBeH:

‘M‘ =mg-AC-sina
OcHOBHOE ypaBHEHHE JMHAMUKHU BPAIaTeILHOTO JBI)KEHUS B 3TOM CITy4dae 3alChIBAETCS B BUIE!
d’a mg-AC
a1
A

rae [, - MOMeHT MHepIY MasTHUKA OTHOCUTEIHHO TOUYKH TOBECA.

MoMeHT WHEepUHH OTHOCHTEIBHO TOYKM IIO/IBECA MOXKHO OIPEIeNIUTh, MONb3YSICh TEOPEMOM
I'totirenca-1lITeitnepa.  JleficTBUTEIbHO, MOMEHT WHEPIIMM MasTHHKAa (AYTH) OTHOCHUTEIHHO
reOMETPHUYECKOr0 LIEHTPA AYTH C OHOI CTOPOHBI paBeH MR’ | TaK KaK BCE TOUKU JYTH JIEKAT HA OJXHOM
PacCTOSHUM OT eé LEHTpa, C APYroil CTOpoHsl, o Teopeme Llteiinepa, pasen I,+m (R—-AC)’ , otkyna
MOJKHO OTIpENEINTh MOMEHT MHEPIMH AYTH OTHOCHUTENBHO e€ IeHTpa Macc. Jlajee, omsTh Mo Teopeme
[lIteiiHepa, ompeaesieM MOMEHT HHEPIHH AYTH OTHOCHTENbHO TouKH moxseca I.=I,+m(AC)’=2mR. AC.

ITonp3ysch MONYYEHHBIM BBIPAXKEHHEM MOMEHTA HWHEPIIMH, OCHOBHOM 3aKOH JUHAMHUKU TEPEIUIIEM B
BHUIIE

a=0 (337)

Kak BumHO, 3TO ypaBHEHHE MpENCTaBIseT coboil auddepeHImaibHoe YpaBHEHHE TapMOHUIECKUX

g

KOJIeOaHmii, IUKINYEeCcKas dacToTa KoneOaHWi paBHA @ = E , @& WX TepHuoi, COOTBETCTBEHHO,

R
T =2rx |— . Takum o0pa3oMm, MONYYCHHBINA Pe3yNbTaT Ul MepHoaa KoieOaHUi TyroBOro MasTHHKA

g

IIOKA3bIBACT, YTO OH HE 3aBHCHUT OT Pa3MEpOB IYTH, a ONPEIENIACTCS TOIBKO €€ paliyCoM.
16.12. MasaTauku ®yko u @pyna.
PaccMoTpuM KpaTKo Ba MPAaKTUUECKH BaXKHBIX THIIA MasiTHUKOB, MasiTHUK Dyko u mastHuk Opyna.

Mastaukom ®yko Ha3bIBAIOT MACCHUBHBIM Tpy3, TOJABCIICHHBIH HAa HUTH OOJBIION (HECKOIBKO
JIECATKOB METPOB) MIHHBL. OCcOOCHHOCTHI0O MasTHHKA DyKO SABISETCS €ro Crocod KPerwieHHsI B TIOJBECE.



OOBIYHO €ro 3aKPEIUISIOT B ONOpE ¢ TIOMOIIBIO KapAaHOoBa IMapHHUpPa, UCKITFOYAIOIIEro 3aKpyIHBaHAEC HUTH.
Taxo¥ MasgTHHK CITY>KUT MPEUMYIIIECTBEHHO ISl IEMOHCTPALIMK CyTOYHOTO BpamieHus 3emid. B pe3ynbrate
BpalieHusl 3eMIIM TUIOCKOCTh KoJicOaHWM MAasTHUKA MEUICHHO TOBOPAYMBACTCS OTHOCHUTEIBHO 3EMHOM
MTOBEPXHOCTH.

XapakTep KoJieOaHu MasTHHKA ONpEACIIeTCsS NSHCTBYIOMMUMI Ha HEro cwiaMu. Ha Temo mastHuka
JIECTBYIOT CHJIa TSDKECTH WM CHIIa HaTsDKeHHs HUTH. O0e OHM JIeaT B TUIOCKOCTH KOJIEOaHWH MasTHHKA U
MOATOMY HE MOTYT BbI3BaTh €€ moBopoTa. OOBSICHEHHE MOBOPOTA IIOCKOCTH KOJICOAHUN OTHOCHUTEIHHO
3eMHOH MMOBEPXHOCTH MOKHO MIPOBECTH C TOYKH 3pPEHHUS JABYX HaOmiogaTeneil, OArH U3 KOTOPBIX CBS3aH C
WHEPITUATEHOM CHCTEMOHM oTcuéra (3BE3NHON CHCTEMOM), MPYroM, HEWHEPITMATLHBINA, CBSI3aH C 3EMHOMN
MOBEPXHOCTBHIO.

C TOYKM 3peHUs MHEPIUATHLHOTO HAOIIOATENS BpAIllCHHUE TUIOCKOCTH KOJICOaHUM OTHOCUTEIBHO 3eMHOMN
TIOBEPXHOCTH OOBACHSETCS TIOBOPOTOM 3€MHOW IMOBEPXHOCTH, B PE3yJbTaTe€ YEro TUIOCKOCTh KOJeOaHWH
MasiTHUKAa BpalllaeTcsi OTHOCUTEIBHO HEE B HAINpPABICHUM, MPOTUBOMOIOXKHOM BpamieHuto 3emau. Ha
MOJFOCEe 3eMJIM TUIOCKOCTh KOJICOAHWI MasTHUKA COXPAHSET HEMOJBIXKHOE ITOJIOKEHUE OTHOCHTEIIEHO
WHEPIMANBHON CHCTEMbI OTCYETa, ITOITOMY YIJIOBas CKOPOCTH MMOBOPOTA IUTOCKOCTH KOJEOaHWN MasTHHKA
OTHOCHUTEJBHO 36MHOW IMMOBEPXHOCTH B TOYHOCTH PaBHA YTIIOBOW CKOpPOCTH BparieHus 3emnn. Ha npyrux

. V4
mupoTax (Mpy MUAPOTE, OTITNIHOM OTiE) YTIIOBas CKOPOCTH BpaIeHUs 3eMIIM MOXKET OBITh pa3iioKeHa

Ha JIBE€ COCTaBJISIOIIME, 10 HOPMaIM K TMOBEPXHOCTH M KacaTeIbHOM K MOBEPXHOCTU 3eMJIM ILIOCKOCTH.
Hopmanbnas cocraBisiomiasi yYriIoBOMW CKOPOCTH OIPENENISCT OTHOCUTENBLHOE BpalllCHHE 3EMHOU
MOBEPXHOCTH M IUIOCKOCTH KoJieOaHWil MasTHHKA. Jlpyras COCTaBISIOmAs - ONpEeIseT BpallcHHE
TUIOCKOCTH KOJIE0aHWI MasiTHUKA BMECTE C 3€MHOM TIOBEPXHOCTHIO OTHOCHUTENHFHO WHEPIHAIEHONW CHCTEMBI
orcuéta. [loHATHO, YTO Ha 3KBaTOpE, TAC HOPMAIbHAS COCTABIISIONIAS PaBHA HYIIO, TIOCKOCTh KOJICOAHMIA
He OyJeT coBepIaTh BpAIIEHHS OTHOCHUTEIHHO 3€MHOW MOBEPXHOCTH, & MaKCHMAaJILHONW CKOPOCTH 3TOTO
BpamieHusi OyJneT Ha TONMIOCax WM YHUCICHHO PaBHIThCS YITIOBOW CKOpOCTH BpamieHust 3emin. Ha
MIPOMEKYTOYHBIX IIMPOTaX CKOPOCTh BPAICHUS IIOCKOCTH KOJICOaHWMI MasTHHKAa OTHOCHTEILHO 3E€MHOM
MOBEPXHOCTH TPUHUMAET 3HAYCHHUS OT HyJsI J0 3HAYCHHUS YIJIIOBOM CKopocTH BpaiieHust 3emiu. Jlerko
yOeauThCs TakKe B TOM, YTO TUIOCKOCTh KOJIeOaHWi Ha OJMHAKOBOM Mo BennyuHe mupoTe B CeBepHOM U
IOxHOM modymapusx COBEpIIAeT BpAIICHUE C OJAMHAKOBOW MO BEIMYMHE CKOPOCTHIO, HO HAIPABICHUA
BpaILlCHUS -IPOTUBOIOIOXKHBI.

B HemHeprmampHON cHcTeME OTCUYETA, CBS3AaHHOM C IOBEPXHOCTHIO 3EMIIM, KpOME YyKa3aHHBIX CHIL,
JICUCTBYIOIIMX Ha TEJNO MasTHUKA, HAJ0 YYECTh U CHIIbI MHEpIMH. Bo Bpalaromieiicss cucreMe oTcuéra npu

\\

Puc. 93

JIBIDKEHWM B HEHM Tela HaIo YYHWTHIBaTh CHITy MHepuuu Kopuosmca W IEHTPOOEKHYIO CHITy WHEPIIHH.
JleficTBUTEIILHO, TIPY BBIBOJIC TEJIa MAsTHUKA U3 TOJIOKCHUS PAaBHOBECHS U TIPH €0 JATLHEHUIIIEM JIBIKCHUN
cuna Kopuonuca, neiicTByloIias Mo HOpMalM K BEKTOPY CKOPOCTH Tela, JIOJDKHA WCKPUBIATH €T0
Tpaektoputo. [Ipy 3TOM HagO OTMETHTH, YTO MpPH ABMKEHWH B OAHOM HAIPaBICHWW (HAMpUMep, OT
MIOJIO’KEHUST paBHOBecHs) cuia Kopurormica IeiicTBYeT B OJTHOM HaIpaBJICHHUH, a IPH O0PaTHOM JIBH)KCHUH
TeNa - B TPOTUBOMONOKHOM. [l03TOMYy TpaekTopHs Teiaa MasTHUKA OTHOCHUTEIBHO 3EMHOW TOBEPXHOCTH
SIBIISIETCS TOBOJIBHO CIIOXKHOM.

B 3aBucuMoCTH OT HayallbHBIX YCIIOBUM TPAaeKTOPHUS MOXKET MPUHHUMATh pazaudHblii Bui. Eciu Teno
MAasTHUKA TOITYKOM BBIBOJIUTCS U3 TIOJIOKEHHS PABHOBECHS, TO TIPU OIPEIACIEHHOM HANPABICHUH BpPAICHHS
cucTeMbl otcuéra cwia Kopuwommca OymeT HampaBiieHa BIIPaBO OT HaIpaBIICHUS JBIDKEHUS U (puc.93a)
WCKPUBIATH TpaekTopuio. llocrne mocTikeHns MONI0KEeHHsI MaKCHMAaJIbHOTO OTKIIOHEHHS OT TIOJIOXKEHHUS
paBHOBecHs M OOpaTHOM JBMKEeHWU cwiia Kopuonnca u3aMeHsIeT HamnpaBieHUE, U TPACKTOPUS HAUYWHACT
UCKPHUBIIATHCS B JIPYTYI0 CTOpOHY. [1o3TOMy TpM yKa3aHHBIX HAyalbHBIX YCIOBHSX TpPAcKTOpUs Oyner
MIPEACTABIATH COOOH PO3ETKY C TUTABHBIMU 3aKPYTIICHUAMH. ECin jke Terno MasTHUKA OTBECTH OT TOJIOKEHHS
paBHOBecusi U Oe3 TONMYKA OTITYCTUTh, TO, KaK IMOKa3aHO Ha puc.93, u3-3a BimsHuUs cun Kopuonmca Teno
MasTHUKA HE MPOXOJIUT Yepe3 MOJOKECHUE PAaBHOBECHS, OTKIIOHSISACH, KaK U B TPEABLIYIIEM CIy4ae, BIIPaBo.



[Tocne mpoxokaeHus] MONOKEHH MaKCUMAaIbHOTO OTKJIOHEHMs cuia Kopuonuca, W3MeHHWB HallpaBlieHHUE,
OyIeT OTKIIOHSTH TEJO MasATHUKA B APYrOM HANPaBJICHWUH, TOSTOMY TPAEKTOPHSA IOJDKHA TPENCTABISATH
€000 OCTPOKOHEYHYIO PO3ETKY.

MastHuk, coopyx€énneli B [lapmxckom Ilanteone, mumen mmHY 67M, a MadatHuk Dyko,
YCTaHOBJICHHBIN B McaakneBckoMm cobope B JIeHnHTpaae, mMeeT THHY 98M.

Masithuk @pyna (GpUKLIHOHHBIA MAasSTHUK) COCTOUT U3 (PU3MUCCKOTr0 MasITHUKA, )KECTKO CKPEIUIEHHOTO ¢

My(TOH, HaCAXKEHHOH HA OCh MOTOPA, IIpU 3ToM yrioBas Dyko

Juis 1ocTaToYHO yOeAUTEeNbHOU JIEMOHCTpAIMK CYTOYHOTO BpallleH!sT 3eMITH JUTHHA MasTHHKa Dyko

[Masrmax ™,

arop %_L;J] |

M

bt Puc.94
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JIoJbKHA OBITH Oombiol. Hanmpumep, mepBbiii Takol CKOPOCTH BPAIISHHUsI OCH MOTOPA JIOJKHA OBITh 3aMETHO
OOJBIIION YITIOBOM CKOpocTH MasiTHHKa (puc.94). [ewctByrommii Ha My(Ty (COOTBETCTBEHHO, Ha Cam
MasTHHUK) MOMEHT CWJI TPEHHS O BaJ B TEUYCHHE OJHOTO TOJIyIEpUoja KOJICOAHUM TOPMO3UT JIBIXKCHHC
MasTHHKA, BO BpeMs APYroro - HaoOOpOT, ycKopseT. MoKHO mojo0paTh CKOPOCTh BpAIllCHHsS OCH Balia
TaKOM, YTO NP YIETE 3aBUCUMOCTH CHII TPEHHS OT OTHOCHTEIBHOW CKOPOCTH PadOTa CHII TPEHUS B IIEIIOM
3a TIepro/I Oy/IeT OJOKHUTENBHOMN, T.€. IPUBOANUTH K YBEIMUCHUIO aMIDTHTY/IbI KONeOaHUH MasTHUKA. Takum
oOpazom, masTHHK Dpyna MpeACTaBIsSET COOOH IMPOCTEHITYI0 aBTOKoJeOaTelnbHYyI0 cucTteMmy. Eciam B
OIMMCAaHHOW CHCTEME CHJIa TPEHHUS TaKOBa, YTO OHA B KAKOM-HHUOYJb MHTEPBAJIC CKOPOCTEH C YBEIMUYCHUECM
CKOPOCTH YOBIBaeT, TO YCKOPSIOIINI MOMEHT CHJI TPEHHsI OYJIET B CPEJHEM OOJBIIEC TOPMO3SIIETO, YTO
MPHUBEIET K CaMOBO30YKICHUIO KoJieOanuii. B pe3ynbraTe B cCHCTEMe MOTYT BOHUKHYTh aBTOKOJICOaHNSI.

16.13. TEOMETPUYECKOE ITPEJCTABJIEHUE KOJIEBAHUM.

Jliis Oonee HATIISHOTO TPEACTABICHUS PAa3IMYHOIO pojia JIBIKCHHIN, B TOM YHCIE€ U FapMOHHYECKUX,
MIPUMEHSIOTCS TpadudecKre CIoco0sl ux omucaHusa. Cpean 3TUX CIOCOOOB MBI PacCCMOTPHM TOJIBKO
caMble pacipOCTpaHEHHBIE.

a) BpeMeHHBIe TUaArpaMMBbI
X
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Haubonee mmpoko MpUMEHSIEMbIMUA U U3BECTHBIMU SIBIISIFOTCS BPEMEHHBIC (TUIOCKUE) AMArpaMMBbI, Ha
KOTOPBIX B 3aBUCUMOCTH OT BPEMEHH MPEACTABIAIOTCS MapaMeTphbl NBUKCHUS, HApUMEp, CMEIUICHUE,
CKOpPOCTh M ycKopeHue. Ecnu MaTepuaiibHasi Touka COBEpIAET ABMKEHUE 110 TAPMOHHYECKOMY 3aKOHY

x=asin(a)t+(p), TO CKOPOCTb €€ B TNPOU3BOJBHBII MOMEHT BPEMEHH BBIPAXAeTCS COOTHOIICHHEM

v=aw cos(a)t + (p) , @ YCKOPEHHE, COOTBETCTBEHHO, W = —d()" sin(a)t + (0). Bpemennsie amarpaMMel

3THX TMapaMeTpoB OTpakeHbl Ha puc.95-97. Ha puc.98 B mpousBosbHOM MaciiTabe OJHOBPEMEHHO

IPE/ICTaBJICHbI BCE TP XapaKTEPUCTUKH ABKEHHUS.

0) BeKTOpPHbIe AUATPAMMBI

Yacto ymoTpeOnsieMbIMU SABIAIOTCA TaKKe TaK HA3bIBaEMble BEKTOpHBIC auarpaMMbl. OHH IIHMPOKO
NPUMEHSIOTCS] TIPH M3YYEHUH TapMOHHMYECKUX KOJeOaHWid, NMpPH H3YYECHHH

o - "4
ciloXeHusT koneOaHuil u T.1. JIroboe rapMoHmueckoe KojeOaHHE MOXKHO b"\ | N
o
HPEACTaBUTH ciemyrommM obpazom. IlycTe Hayazo HEKOTOPOro BEKTOpa \ i
COBIAJAET C HaualloM KoopAauHaT (puc. 99), a caMm OH BpallaeTcs BOKPYT 1 W . SRRERD

Hayaja KOOPJMHAT C YIJI0BOM CKOPOCTHIO, YACIEHHO PABHOM LUKIMYECKOM 1 o
gacToTe KoJjiebanuii. Kak BHIHO M3 pPHCYHKa, B JIIOOOH MOMEHT BPEMCHH !
MPOEKIIMU BEKTOPA HA OCH KOOPMHAT YUCIICHHO PaBHbI X = Acos@wu y = Asin @ Puc. 99



Macmrad MOKHO BBIOPATh TAaKUM, YTO JJIHA BEKTOpa OYAET YMCIICHHO paBHA aMIUIHTYyNE KoJieOaHHil.
Ecnun xe HavaibpHOE YIIIOBOE OTKJIIOHEHUE BHIOPATh YMCIICHHO PaBHBIM HadallbHOH (aze xonebGaHwmii, TO,
KaK JIETKO yOemuThCs, B JHOOOH MOMEHT BPEMEHH NPOCKIMM BEKTOpa HAa OCH KOOPIAWHAT OYIyT
WU3MEHATBCS TI0 TapMOHHYECKOMY 3aKOHY, T.€. TapMOHHUYECKOE KOJIcOaHHE MOXKHO TMPEJCTaBUTh
NpOEKIMEH BEKTOpa, pPaBHOMEPHO BPAIAIOIIErOCs OTHOCHTENPHO — Hadvana
KOOpJIMHAT, Ha JIF0O0YI0 U3 oceil. CKOPOCTh KOJISOITIOIIET0Cs Tela P 3TOM paBHA

dv 2 ..
v=Aw, a yckopeHne W= ? =—Aw". CrenoBaTenbHo, B OIMPEACTEHHOM
t

MacIiitade Ui ONpeACIICHUA CKOPOCTM MW YCKOPCHUA TCjIa B mo00li MOMEHT
BpCMCHU MOKHO HaXOOUTh TMPOCKIOUHU BCKTOPOB, CMCI]_[éHHBIX OTHOCHUTCIBHO

T
IEPBOTO BCKTOpa COOTBCTCTBCHHO Ha EI/I 7T, MOJIHAHBI KOTOPBIX pPaBHBI Puc.100

aAMIDTATYIHBIM 3HAYCHUSIM CKOPOCTH M YCKOPEHHSI.

Becbma HarmsimiHeIM SIBIISIETCS CIIOKEHHE TapMOHMYECKHX KOJIeOaHWH, TPeJCTaBIsieMOe C ITOMOIIBIO
BEKTOPHBIX Juarpamm. [IpeamnonokuM, uto 00€ TapMOHHYECKHE COCTABIISIONIME WMEIOT OJIMHAKOBYIO
YaCTOTY U3MCHEHHS MapaMeTpoB (T.€. YIIOBBIE CKOPOCTH BpalleHUs] 000MX BEKTOPOB OAMHAKOBKI). Eciu
HavabHbIC (ha3pl COCTAaBISIONIMX pAa3UYHbI, TO BEKTOPHl B TPOCTPAHCTBE HE COBMAJAIOT TIO
HanpaBieHUIO. ['eoMeTpudeckas cyMMa STHX BEKTOPOB OMNPEACTSCT aMIUIUTYIY Pe3yJIbTHPYIOIIETO
KoneOanust. JIeHCTBUTENBHO, TIOCKOJNBKY JUIsl TapMOHHMYECKHUX KOJEOAHWH CIPaBEIUIMB IPHHIIUI
CYTIEPIIO3UIINU, TO PE3YIbTUPYIOIIEE CMEINICHUE, MOJIy4aeMOe TEJIOM, JIOJDKHO PaBHATHCS 10 3TOMY
NPUHIMITY TEOMETPHUYSCKOH CyMMeE CMEIEHUH, TONy4aeMbIX TEelOM 3a CYET y4yacTHsS B KaXKIOM U3
OTJETBHBIX KoJieOanuii. Tak Kak Mpu OIMHAKOBOW YTIIOBOM CKOPOCTH BPAIICHUS CIIATaeMbIX BEKTOPOB MX
oTHocUTebHOE pacnonoxkenne (puc.100) He OymeT M3MEHAThCA C TEUYCHHEM BpPEMEHH, TO He Oyner
U3MEHSTHCSI, COOTBETCTBEHHO, M JTMHA CYMMAapHOTO BEKTOpa (aMIUIUTY/IA Pe3yJIbTHPYIOMIETO KOICOaHHs),
KOTOpBIN OyJeT BpaimaThCs C TOW ke YITIOBOM CKOPOCTBIO, YTO WM CllaraéMbie BEKTOPHI. Takum oOpa3om,
pe3ynbTupyloliee KoiebaHue OyAeT MPOUCXOIUTh C TOM e IMUKINYSCKOH YacTOTOW, a €ro aMIDIMTY/a
YHCJICHHO PaBHA TEOMETPHUYECKON CyMME CKIIAJIBIBAEMBIX BEKTOPOB.

Ecin ke nuKIMYeCKHE YacTOTHI CKJIaJbIBAEMbIX KOJIeOaHWU (YIJoBble CKOPOCTH BpAICHHS
BEKTOPOB) HEOJIMHAKOBBI, TO OTHOCUTEIIEHOE PACIIOJIIOKCHUE CKIIAJBIBAEMBIX BEKTOPOB C TCUCHHEM
BpeMeHH OyJeT MEepUOJUMUYECKH HM3MEHATHhCS, OylIeT TMEepPHOIUYECKH W3MEHSAThCS W aMILTHTY.Ia
PE3YIBTUPYIONIETO KOJNIeOaHus, IPUHIMAsT 3HAYCHHS OT HYJS JI0 BEJIMYHHBI, PABHOM CyMMeE aMILIHTY/I
CKJIJIIBACMBIX KoeOaHuit. [lOCKONBKY TEpUOJMYHOCTh HW3MEHEHHS AaMIDIUTYABI Pe3yJIBTHPYIOMIETO
KoneOanust (JUTMHBI CYMMAapHOTO BEKTOPA) OMPEAENSETCS OTHOCUTEILHONW CKOPOCTBHIO BpAIllEHHsI BEKTOPOB,
TO IMKJINYECKAsl YacTOTa M3MEHEHUsS] aMIDIUTY/bI Pe3yJIbTHPYIONIEr0 KoJeOaHHs JIOJKHA OINpPEIeTsThCs
Pa3HOCTBIO IUKJIMYECKUX YacTOT CKJIAJbIBaEMbIX KoyeOaHuil. bonee moapoOHO ciydail ClioKeHUs
OJIMHAKOBO HAIPABJICHHBIX KOJIEOAHUI pacCCMOTPUM HIDKE.

B)CneKkTpajbHoe mpeacTaBjieHue KoaedaHui

B psne cimydaeB i XapaKTEpPUCTHKH KOJIEOAHWH, OCOOCHHO HETapMOHUYECKHX, JOCTATOYHO 3HATH
TOJIBKO TaKyl0 MHTETPAJIbHYIO XapaKTepUCTHKY, KaK 3HEPTHIO (WIN aMIUTUTYAY),
COOTBETCTBYIOIIUE 33J]aHHON YacTOTe. DTO MMEET MECTO, HallpUMeED, TIPH H3YICHUH
KOJIeOaHWMi CHCTEM C HECKOJIBKUMH CTEHCHSIMH CBOOOJBI, TMEPHOIUYCCKUX, HO
HETapMOHUYECKUX KOJICOAHUH, NMITYIbCHBIX MPOIIECCOB H T.I.

B Takmx ciydasx Ha TpadMKax 3aBHCUMOCTH aMIUTUTYIbl WA SHEPIUH,
MPOMOPIIUOHATBHON aMIUIUTYIe KOJIeOaHU, OT YacTOTHI JIJIsI COOTBETCTBYIOIITUX

l:l-:s:"

|
&

4acTOT OTKJIAABIBAIOTCSI OTPE3KH, B ONPEAETICHHOM MaciiTtade paBHbIC aMILTUTY/IC : Ve
(pHeprum) konebOanmii. CHeKTpasbHAs  XapaKTEPUCTHKA TapMOHHYECKOTO
KoJIeOaHUs YacTOTHl @, IpeAcTaBieHa Ha puc. 101. Prc.101
r) ®a3oBoe npeacTaBiaeHne KoJedaHU
[Ipu ¢azoBoM npencraBieHUN KONEOAHMH COCTOSHHE KOJCOJIOIIECHCS CHCTEMBI OITUCHIBACTCSl B
¢azoBoii 1iockocTH. a3z0BOM IMIOCKOCTHIO HA3bIBAIOT IIOCKOCTh, KOOPIMHATHI TOYEK KOTOpPOU
OTIPEIETISIOT COCTOSIHME KOJICOJIOIICIHCS CHCTEMBI C OJHOM CTemeHbIo cBoOOABI. Ilo ocsMm koopauHAT
OTKJIAJBIBAIOTCA 3HA4YeHHWS KOOPAMHAT M CKOpPOCTEH MexXaHW4eckoil cucrembl. llpu rapMoHHYEecKHX
KOJICOaHUSIX BMECTO CKOPOCTH (WJIM HMMITyJIbCa) OTKJIAABIBACTCS OOBIYHO OTHOILIEHHE CKOPOCTH Tela K
[UKJIAIECKON JacToTe KojeOannii. VI3MEeHEeHNIO COCTOSHHSI CHCTEMBI COOTBETCTBYET NEpEMEIIeHNEe TOUKH
no ¢dazoBod mockoctH. OTMETHM, 4YTO Ha (Ha30BOH IUIOCKOCTH MOXKHO IPEJCTaBUTh HE TOJIBKO



KoJie0aTeNIbHBIN MPOIIECC, HO M JIFOOOH IPYyrod BHI JBFMIKCHHS, HAIpUMEp, MPSIMOJIMHEHHOE IBIKCHHE,
JIBIDKCHHE TeJa, OPOIESHHOTO MO/ YTTIOM K TOPH30HTY H T.JI.

PaccmoTpum (ha3oBbie TpecTaBIeHUs] HEKOTOPBIX YaCTHBIX CiTydaeB AprkeHus. Ha puc. 102 nmpencrasieHo
paBHOMEpHOE NpAMOJIMHEHHOEe nABWXeHHE. JIeWCTBUTENBPHO, NPU PABHOMEPHOM U  MPSMOIUHEHHOM
JIBIDKCHUH Ha BCEH TpaeKTopuH (s IF000W KOOPIMHATHI) CKOPOCTh Tella MMEET MOCTOSHHOE 3HAYCHUE.
3TOMy CITydaro COOTBETCTBYET MpsiMasi, TTapayuienbHas ocl X Ha (a30BOi IIOCKOCTH.

Puc.102 Puc.103

Ecnu ke CKOpOCTh ¢ TEUYCHHEM BpEMEHU H3MEHSETCs, TO (ha3oBas TPaeKTOpUsS HE Oyner
NPE/ICTAaBIATh COOOH MPSAMYIO JIMHHIO. Tak, €clii Telo COBEpIIaeT paBHO3aMEIJICHHOE IBIDKEHHE C

HaYaIbHOM CKOpPOCTBIO V, U3 Ha4daJla KOOpAMUHAT, TO 3aKOH U3MCHCHHA Cr0 CKOPOCTHU 3aIlMChIBACTCA B

2
w .
BUJIE V=V, —WI, a 3aKOH IBIXKEHHUA - B (opme xzvot—T. Hckmarouast U3 3TUX 3aBUCHMOCTEMN

2 2
Vo

BpeMs, IOJTy4YacM YpaBHCHHUC [IOBWXCHUSA B (1)330130171 IJIOCKOCTH X = >
w

OTOMYy YpaBHEHUIO

COOTBETCTBYET Iapaboia, mpencraienHas Ha puc.103.
[Tpu rapMOHMYECKUX KOJIEOAHHSX 3aKOH JIBM)KCHHS Tela MOXKHO 3alncaTh B BHJIE X = asin(a)t + (0).
CKOpOCTB €ro Mpy 3TOM JUIS POU3BOIBHOIO MOMEHTa BPEMEHH UMEET BUJ V = A @ cos(a)t + go). HUckimouas

BpeMsi, TOJTyYlM ypaBHEeHUE (Pa30Boii TpaeKTOpUU
2

v
x* +| — | =a?, xoropas npexncrasieHa Ha puc.104.
w
] | ¥
| B i Y
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Puc.104 Puc .105

OTUMU OCHOBHBIMH BUJIaMU T€OMETPHUYECKOTO TPEICTABICHHS KOJIeOaHmii U OyaeM OiIh30BaThCs B
JlaJbHEHIIeM.

PaccMoTpuM Tarke paBHOMEPHOE JBM)KCHHE TOYKH 1O OKPYXHOCTH. Paanyc BpaiieHus paBeH R ,, B
MCXOJHBI MOMEHT BPEMEHH HAIIPaBJICHHE HAa TOUKY COCTABIIANO Yroa ¢, c ockto X (puc.105).

B 1nr000if MOMEHT BpeMeHH TNPOCKIMH TOYKA HA OCH KOODAMHAT paBHBI X = R cos(a)t + (00)14
y=Rsin (a)t + (00). CoOTBeTCTBYIOIIE ~ TIPOSKIMA ~ CKOPOCTH ~ HA ~ OCH  KOOPAMHAT  PaBHBI
V. =wR sin(a)t + qao)n v, =R cos(a)t + goo). VYcKkopeHne ke B MPOSKIMAX Ha OCH KOOPIMHAT DPaBHO
w, =-w"R Sin(a)t + (Po) uow, = ~o°R cos(a)t + @, ) . OrMernM, 4YTO Takoe ONpe/eTCcHUE 3aKOHA

JIBYDKCHHUSI TOYKH B TPOCKIMAX HAa OCH KOODJHMHAT aHAJOTUYHO yXKE€ OTMEUYCHHOMY BBIIIE BEKTOPHOMY
MIPEICTABIICHUIO KOJICOAHMI.

B camom nene, kak BHJIHO W3 BBIPQXCHHIA MPOSKIIMH TOYKU HA OCH KOOPJMHAT, a TaK:Ke MPOCKITUIA
BEKTOPOB CKOPOCTH €€ W YCKOPEHHS, BJOJb OTICIBHBIX KOOPIWHATHBIX HAINPABICHHHA TOYKA COBEPIIACT



rapMoHudeckre kosebanus. [Ipu 3ToM yriioBasi CKOPOCTh TOUKH YHCIICHHO PaBHA ITHUKITUYECKON (KPyroBoii)
JacTOTe KoJieOaHui (OTKy/1a ICHO IPOUCXOKICHUE HA3BaHUS CAMOM YaCcTOTHI).

16.14. CJIOKEHUE OJJMHAKOBO HAITPABJIEHHBIX KOJIEBAHUM.

a) YUacToThl CKIaAbIBAEMBIX KOJIe0aHUI 0JJHHAKOBBI.

[IpenronoxuM, 9TO TOYKA OJJHOBPEMEHHO MPUHUMACT Y4acTHE B JIBYX TAPMOHHUYECKUX JBIDKCHHUSX
BJIOJTb OJTHOTO W TOTO XK€ HAIIPABIICHHUS, IPH 3TOM YaCTOTHI CKIIJIbIBAEMBIX KOJICOAHWI paBHBI MEXTY COOOH,
OTJIMYAIOTCS TOJBKO aMILTUTY bl M HaYanbHbBIC (ha3bl KOICOaHUIA:

X, =aq, sin(a)t + (ol) u X,=da, sin(a)t + q)z)

[lo mpuHIMITY CyNepHo3uIMK KOJEOAHWH TOJHOE CMEIICHHUE TOYKH W3 TIOJIOKCHUS PaBHOBECHUS
JIOJDKHO OBITh PaBHBIM TEOMETPUYECKOW CyMME CMENICHHH, IMOJNy4aeMbIX B Ka)JIOM W3 OTJEIBHBIX
KoneOaamit. KpoMe Toro, ImocKojibKy 00a COCTaBIISIONIMX KOJICOAHHS MPOWCXOISIT C OJHOWM M TOH XKe
YacTOTOW, TO U Pe3yJbTUPYIOIEe KoiebaHHe OyAeT UMETh Ty ke 4acToTy. [1o3ToMy pe3ynbraT CloKeHUs
KOJIeOaHMI TIPEACTaBUM B BHIE (DYHKITHH:

x=x,+x, = Asin(wt + @)
Hcnonb3ys GopMysibl Ui TPUTOHOMETPHUYCSCKHX MTPe00pa30BaHuUM, fajiee 3aIlUILEM, YTO:

a,(sin @t - cos @, + cos wt -sin @, )+ a, (sin wt - cos @, + cos wt -sin @, ) = Asin t -cos @ + A cos wt -sin ¢

OueBUHO, YTO PABEHCTBO OyAET COOMIONATHCS IS JIF0OOOTO IIPOU3BOILHOTO MOMEHTA BPEMEHH, €CIIH

a, cos @, +a, cosp, = Acos ¢

a,sin@, +a,sinp, = Asing
M3  mocnemHMX — yCIOBHMH — MOXKHO — ONpPENENUTh  aMIUIMTYQy M HadalbHylo  (asy
Pe3yIbTUPYIOIIETO KoNeOaHus

A=\la} +d> +2aa, cos Ap (338)

AMIUINTY /A pe3yABTUPYIOIIETO KOJICOAHHS MOXKET MPUHUMATH Pa3InYHbIC 3HAYCHHUS B 3aBUCUMOCTH OT
3HAYCHUI aMIUTUTY/I CKJIaJ(bIBAEMbIX KOJICOaHUMI U Pa3HOCTH MX HavdalbHBIX (a3. Hampumep, ecnm dazs
CKJIaJIbIBACMBIX KOJICOAHMI OTIIMYAIOTCS Ha 27771, TO aMIUTUTYyIa Pe3yJbTHUPYIONIEro KoJjeOaHus paBHA
CyMME aMIUTATYJ CKIAIbIBAeMBIX KOJIeOaHWN A=a,+a, eciu ke pasHoCTh ¢a3 paBHa (2n + 1) 7w, TO -

N . Vs
pasHoctn amrutyn A=a;-a, Ilpu pasHoctn a3, paBHOW HEYETHOMY 4YHCIYy — aMIUTUTY/a

pe3yabTUPYIOLIETo Kosiebanus paBHa A = \/alz + c122 :

OTOT XK€ pe3yNbTaT MOXKHO JIETKO MOJYYUTh, MOIB3YSICh BEKTOPHBIM NPEACTABICHUEM KOJIEOaHW,
KaK 3TO yKa3bIBAJIOCH BEIIIIE.

0) YacToThl CKJIAAbIBAEMBIX KOJIE0AHUH Pa3IUuYHbI, OJUHAKOBHI AMILIMTYAbl M Ha4YaJIbHbIE
da3zbl
IIpu cknagpiBaHuu KOJNEOAHWH pPa3TUYHBIX YaCTOT PABCHCTBO aMILTUTYZ M HAYadbHBIX (Pa3 MBI B3sIIH
TOJIKO JUIS YIpOINEHUs npeoOpasoBaHuii. [lycTh mepBoe W3 CKIIJBIBACMBIX KOJCOAHUI HMMEST BHJL

x, = asin(@,? + @), aBropoe- x, = asin(@, + @). [o npuHIITy CynepHO3HIIH KONeGaHHIT X = X, + X, .
Ucnonb3yst (popMyJIsl TPHTOHOMETPHUYECKUX PE0Opa3soBaHUM, OIydaeM Pe3ybTaT B BUAE:

o-0, .(o+e
x=x1+x2=2acosszt-sm szt+¢ (339)

Kak BumHO, pe3ynpTupymoiee KojicOaHHe B 3TOM ClTydae He SBISETCS rapMoHuuecknM. OHAKO, eCIH
YaCTOTHI CKJIABIBAEMBIX KOJIEOAHMH HE OYEHBb OTIIMYAIOTCS IPYT OT ApYyTa, TO Pe3yIbTUPYIOIee KoneOaHue
MOXKHO TIPEACTAaBUTh KaK MOYTH TApPMOHMYECKOE C MEMJICHHO H3MEHstoueiics ammautynoil. [Ipu stom
CMEIIECHUE TOYKH U3 MOJO0KEHUS PABHOBECHUS IIPOUCXOIUT C YACTOTOU, pABHOU MOTYCYMME CKJIaIbIBAEMBIX
yactoT. Takoii cirydail clI0KHOTO KoJieOaHWsI Ha3bIBaeTCs OMEHHSIMH, T.€. IEPUOANIECKUMHI M3MEHEHUSIMHU
aMIUTUTY Bl PE3YIBTUPYIOMIETO KOIEOaHNs, BOSHUKAIOIIUE TIPH CIIOKEHUH JABYX OJWHAKOBO HAIPABICHHBIX
TapMOHWYECKHUX KOJICOaHUH ¢ OnmM3KkuMu yactotamu., YacToTa OMEHMIA TIPU STOM OMNPENENeTCS Pa3HOCTHIO

HaCTOT CKIaAbIBACMbIX KOIIeOaHHiA 0)1 - a)2 .



IIpakTideckn OMEHHS HCIIONB3YIOT IJII CPaBHEHHSA YacTOT JABYX KoJjebaHWH, Hampumep, Npu
HACTPOMKE My3bIKAJIbHBIX HMHCTPYMEHTOB. HaOtoneHue OHMEHHME MO3BOJISIET C OOJIBIIONH TOYHOCTBHIO
OIPEJICTUTh TOT MOMEHT, KOTJa 4acTOoTa OMECHWI CTAaHOBHUTCS PaBHOHM HYJIO (TaKk Ha3bIBAGMbIC HYJICBBIC
OueHust). DTO MPOUCXOUT MPH PABEHCTBE YaCTOT CKIIAbIBaeMbIX KoyeOanuil. [loxoxkee siBiieHHE OMECHMIA
HaOTIO/TaeTCs M TIPY CKJIabIBAHUM HOPMAJIBHBIX KONIeOaHMA ¢ HECKOIBKIMH CTeTIeHsIMH cBOOOIBI. B Takmx
CHCTEMax B HEKOTOPHIE MOMEHTHI BPEMEHH aMIUINTyAa KoJieOaHW{ OJHOTO W3 TeJ CHUCTEMBbl MPUHHMAET
MaKCHUMAIBHOE 3HAYCHHUE, B TO BPeMsl KaK JUIsl PYroro OHa CTAHOBUTCSI MUHUMAITBHOM. J{pyruMu ciioBaMu, B
CBSI3aHHBIX CHCTEMaxX IPOWICXOIHUT TEPHOAMUECKas "Tepekadka' SHEPrUd OT OJHOTO W3 Tel CHCTEMBI K
Apyromy.

KapTtuna OveHnii HECKONBKO W3MEHSETCS, ©CIIM aMILTUTY bl KOJeOaHui He paBHBI Apyr Apyry. [lpu
3TOM, KOTJIa OTIEIbHBIC COCTABISIFOINNE PE3yIbTHPYIOMIETO KoneOaHUS HaXONIATCS B MPOTHBOdA3aXx,
Pe3yNBTUPYIOIEe CMEIIeHne He oOpamfaeTcss B Hylb, a OYIET ONPENeNsAThCS Pa3HOCTHIO aAMILTUTY
CKJIaJIFIBACMBIX KOJICOAHUI.

ITycTs ckmanpiBacMbie KOJEOAHWS WMEKOT, Pa3HbIC aMIUTUTY/bI, a HavyalnbHbIe (Da3bl JJIS TIPOCTOTHI
paccyk/JeHuii OyaeM CUMTaTh OTMHAKOBBIMU: X, = d sin(a)lt + (0)1/1 X, = bsin(a)zt +§0).

Pesynbprupyromee konebanne OyneM ONpeAeisaTh IO MPUHLIUIY CYHEepPHO3UINH, HECKOJIbKO
peoOpa3oBaB CKIIbIBACMbIC KOICOaHUS:

X =x, +x, = asin(@t + @)+ asin(w,t + )+ (b—a)sin(w,t + ). (340)

INepBbie fBa wieHa B 9TOM BBIPOKEHHU B pe3yJbTaTe MAalOT OMEHHMS, XapaKTep KOTOPBIX PacCMOTPEH
Bblle. Ho ¢ 3TMHM OMEHMAMH CKIIaIbIBAacTCAd YMCTO TapMOHMYECKOE KoJeOaHWEe C aMIUIUTYOH, paBHOM
Pa3sHOCTH aMIUIATYZ CKJIQIBIBAEMBIX KOJIEOAHHMH W C YaCTOTOM, COOTBETCTBYIOLIECH COCTaBISIOLICH C
Oompmueit ammuTymod. TakuM 00pa3oM, aMIUIMTyAa pe3ylbTHpYIomero KojeOanus (OueHuil) He
o0Oparmaercs B HyJlb, @ YMCHBIIIACTCS TOJIBKO /10 BEJIMYMHBI, PAaBHOW Pa3HOCTH aMIUIUTY/ CKJIAIbIBAEMBIX

kosiebanuil. [lpumepHblli BUI OMEHUI NpPH CIOXKEHHH KOJNEOAHWH C ONMHAKOBHIMH M Pa3lIWYHBIMU
aMIUTUTYy1aMH TipuBeieH Ha puc.106 u puc.107.

f 'ﬂll Ilﬁ!| h |II || 'ﬂ'l ! N\ |!nI'| I I| IAI'I Y N
|l'.l\lI 4 n I|I I|I |I |I I | || I|I _.'f ‘III f || |I II II" 1|I P L I| |Ii | I!-l ‘ _J|_I'| III’ \ Ill.-l| III III
VA avavararavavavd RYRVAVAVAVRVAVAVRVRVAVAVA
W ll\_-'l | | || . |I | IIL ||' W | 1 | W

\ .II | |IJ|I
Pruc.l 06 v

16.15. CJIOJKEHUE B3AMMHONEPIEHIUKYJISAPHBIX KOJEBAHUM.
B pesynbraTe cioeHUs B3aUMHONEPIEHANKYIAPHBIX KOJIEOaHUM MMOMydaroTCsl CIIOKHBIE B O0ILEM
clIy4ae IO BHUAY TpaeKTOpuUM JABWKEHUA. [losToMy MBI paccMOTpUM YacTHBIM ciydail, Korjaa
CKJIaJIbIBaeMBbIC KOJICOAHMSI MMEIOT OJMHAKOBBIC YAaCTOTHI, HO Pa3HbIe aMIUMTYBI U (a3el. B aToM cirydae

OT/IENTbHBIE COCTABIISIIOIINE MOYKHO 3aIliCaTh B BUIe X =asinwtu y =b Sin(a)t + (o). 3mech @ - cuur a3z
MEIK/Ty CKIIa/IbIBAEMBIMH KOJICOAHUSIMH.

I[J'ISI OMpCACIICHUA BHUOA TPACKTOPHH PE3YJILTHPYIOUICTO ABWIKCHUA W3 3aKOHA JABMKCHUA CIICAYCT

UCKIJTFOUUTB BpeMsi. [IJIst 3TOro u3 MepBOro BRIPOKEHHS 3HAUCHHE TAPMOHIYECKON (DYHKITMH TIO/ICTABUM BO
BTOpOE. Toraa nojayyum, 4ro:
2
b ) X
y=x—cosp+bsing,[1-|—
a a
Jlnist yno6cTBa MoCIe Ty oIero aHaliu3a BeIpaKeHUe JTy4lle MPeCTaBUTh B hopme:

2
X

2
¥ +x* = cos’ p— 2xyécosgp =b’sin’ p—=b’sin’ ¢
a a a
Ha){(e B 3TOM IMPOCTOM CJIydac YPAaBHCHHC TPACKTOPHUU AJid MPOU3BOJIBHOIO CABHIA (1)33 MCKOY
OTJETLHBIME KOJICOAHUAMH IPHHUMAET CIIOKHBIN BUI. MBI paCCMOTPUM YaCTHBIE CITydau caBura (as.
a) @ =2nrx . Ilpu TakoM caBure (a3 ypaBHEHHE TPAEKTOPHH IPHMHAMAET BHJL

2
y2+x2b—2—2xy2=0
a a



b

anomaﬁ BBIpAXXCHUEC, IOJIy4YaeM, 4YTO )Y =—X T.€. TPACKTOpUA MPCACTABIACT coboii IpsAMYTO
a

JIMHUIO, KOTOPast JISKUT B IIEPBOM U TPEThEM KBaJIpaHTaXx.
0) @ =(2n+1)x . Ilpu takom caBure Ga3 ypaBHEHHE TPAEKTOPUH IPE0OpasyeTcst K BUILY

2
y° +x2b—2+2xy2:0.
a a

Otcrona crnemyer, 4To y =——X, T.. © B 3TOM CIIy4ae TPACKTOPHS IMPENCTaBISIET COOOH MPAMYIO
a

JIMHUIO C TCM K€ HAKJIOHOM, HO OHA JIC)KUT YKC BO BTOPOM U IleTBépTOM KBaJlpaHTax.

V4
B) p=(2n-1) 2 VpaBHEHHE TPACKTOPHH IS TAKOTO CABUra (ba3 MMeer BUL

2 2
X
+—=1

S

a
T.€. IIpeacTaBiseT cobor »munc. Ciemyer 3aMeTHTh, YTO Kak MpH caBure ¢as

Vs V4
—, TaK U Ipu 7 ypaBHEHHE TPAeKTOPHUM MMEET OJFH U TOT ke BHJ. Ho xapakrep o

,
i ]
JIBIDKEHHST TOYKH BJIOJIb CBOCH TpaekTopuu Oyner pasinuyHbIM. B HavyambHBIH \ J
MOMEHT BpemeHH f = f, = 0 cMemenne B0k ocH X paBHO HYJIO, a BIOJIb OCH Y T

+b u -b cootBercTBeHHO. [Ipu nanpHEWIIeM ABMKEHHWH TOUKH MO TPAECKTOPHU
CMeEIlCHHE BAOMIb X YBEIUYUBAETCS U IPUHUMAET NOJIOXKUTENbHBIC 3HAUCHUS, T.6.  ____ . _ __

T
TOYKa ABUKCTCA IO TPACKTOPHUU BIIPABO. 910 03Ha4YacT, 4TO NpU CABUTC (1)8,3 3 Puc. 108

T
TOYKa OOJDKHA JABHUTAaTbCA IO HAIPAaBJICHUIO XOJa YaCOBLIX CTPCIIOK, a IIpU THPOTHB xo4da. Takum

o0pa3oM, Takoe W3MeHeHue (Da3bl MPUBOJUT K U3MEHECHHUIO HAIPABICHHS JIBIDKCHHUS BIOJNb TPACKTOPHHL.
PaccMmoTpeHHBIi cydait CII0KEHUS B3aNMHOIICPIICHANKYIISIPHBIX KoieOanuii mpuBeaeH Ha puc.108.

TpaekTopuu pe3yIbTUPYIONIETO JBMKCHUS TIPU CIOKESHUM B3aUMHOIICPIICHINKYIISPHBIX KoJicOaHHi
OJTMHAKOBOW YacCTOTBHI MPEJCTABISAIOT COOOM TOJBKO YaCTHBIA Cydall Tak HasbiBaeMbIX (uryp Jluccaxy.
®@urypamu Jluccaxxy Has3bIBalOT TPAEKTOPHUM, OINMCHIBAEMbIE TOYKOM, COBEpINAOIIEH OJHOBPEMEHHO IBa
TapMOHMYECKUX KOJIEOaHUS BO B3aMMHOIICPIICHIVKYISPHBIX HAIpaBlICHUSIX. Buj Takux TpaeKTopuit
3aBUCHT OT COOTHOIICHHS MEXKIY 4YacTOTaMH CKJIaJIbIBAGMBIX KoJeOaHWH, Mexay ux (azamu u
amITy1amMu. Ecii 4acToThl OT/IENBHBIX KOJE0aHW HE COBIIAIAIOT, KaK B PACCMOTPEHHOM BBIIIIE CITy4ae,
TO B OOIIEM ciydae pasHOCcTh (a3 MexIy KoyieOaHusMH OyJneT W3MEHAThCS C TEUCHHEM BPEMCHH,
BCJICZICTBUE YETO KapTHHA pa3MbiBacTcsa, W ¢urypsl Jluccaxy He HaOmomarorcs. Ho ecnm yacTtoTs
CKJIQ/IBIBAEMBIX KOJICOAHWH OTHOCSTCS KakK IeNble 9Yhcia, TO Yepe3 MPOMEXYTOK BpPEMEHH, pPaBHBIN
HaUMEHbBIIIEMY KpaTHOMY OOOHMX MEpHOIOB, IBIKYINAsCS TOYKAa CHOBAa BO3BpAIAaeTCs B HadaJIbHOE
TIOJIOKEHUE, T.€. TOIYYAIOTCS YCTOWYMBBIC (PUTYPHI CI0KHOU (opmebl. [Ipu 3TOM yucno kacaHuit urypoi
Jluccaxy cTOpoH MPSMOYTOJIBHUKA, B KOTOPBIA OHA BOMCAHA, NAET OTHOLICHHE MEPUOAOB CKJIAIbIBAEMBIX
KoJie0aHmi (X 9acToT).

Bun ¢uryp Jluccaxy mo3BOJSET ONMPEACTUTh COOTHOIICHUE MEXY YacCTOTaMH KOJICOaHWH U KX
tdazamu. Jlaxke ecnu koneOaHUs HE SBISIOTCS TapMOHUYECKUMH, XapaKTEPHbIE OCOOCHHOCTH (DUTYpPHI
Jluccaxy COXpaHSIOTCS, MCKakaeTcs Tojabko e ¢opma. Takum oOpaszom, mo Buay ¢urypsl Jluccaxy
MOXXHO OIIPEAETNTh COOTHOIIEHHE MEXIy YacToTamMyd W ¢a3zamMH CKIaIbIBAEMbIX KojieOaHWH, a Tarke
OIICHUBATh, HACKOJIBKO CHJIBHO OHHM OTIMYAIOTCS OT rapmoHuueckux. Ha puc.109 mpuBeneHbl HEKOTOPHIE
¢burypsl Jlvccaxy aisi pa3MYHBIX COOTHOIICHUH MEXTy YaCTOTaMH CKJIaJ[bIBAEMbIX KOJICOaHUH U CIIBUTA
(a3 Mex 1y HUMH. R T
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16.16. TAPMOHUWYECKH AHAJIA3 MEPUOJIUYECKUX JIBUXKEHHU.

W3 wm3noxeHHOTO BHINIE MaTepuaja CJeIyeT, YTO B PE3YyJIbTaTe CIIOKEHUS TapMOHUYECKHX
KOJIeOaHU MOXHO IONyYUTh TEPUOAUYECKOS, HO HEeTrapMOHHYECKOe KoJiebanue. B KOHIE MpoNmioro
Beka Dypbe qoKa3ai, YTO CIPABEIUIMBO M IMPOTHUBOIOJIOXHOE YTBEPXKACHUE: JII000€ TMEPHOANICCKOS
JIBMKCHHE MOXKHO TPEICTaBUTh B BUIE CYMMBI TapMOHHYECKHX COCTABISIOMKX. MaTeMaTHYecKd 3TO
TpecTaBlIeHne Ha3bIBaeTCs pagoM Dypoe.

CornacHo ®ypwe, ar000# MepHOIMUECKHii mporiece f (x) , TIPOTEKAIOIIUM C YaCTOTOU @ MOXKET
OBITh MPE/ICTABIICH OECKOHEYHBIM TPUTOHOMETPHUECKUM PSTIOM
a - .
f(x):7°+2(ak cos kx + b, sin kx) (341)
k=1
WIH

a = .
f(x):7°+ZAk sin(kx + @, ) (342)
k=1

Ilpu aHanmm3e MEepHONMUYECKUX IBMKEHUN 00a mpezacraBieHus Dyphe DKBHBAICHTHBL. MBI Oymem
MOJT30BAThCSA pasnoxkeHneM Oypobe B @opMe(341)

Ha AMIUIUTYJbl OTACIBHBIX TapMOHUYCCKUX COCTABJIAIOMIMX HAKIAAbIBAIOTCA OHpCI[CJIéHHBIC
OrpaHUYCHUSA, 1 OHHU BBIYUCIAKOTCA IO MPUBCACHHBIM HUKC COOTHOIICHUSAM!

a, =% [ £(x)-cosk-dx (343)

b, =% j f(x)-sinkx - dx (344)

rae k =0,1,2,...,a npenesnbl HHTErPUPOBAHKS OTPEACISIIOTCSA TEM POMEKYTKOM, B KOTOPOM OIpe/IelicHa
cama uzyuaemasi pyHkuust f (x) . B npuBenenHom ciyvae GyHKIHS OnpeieneHa B MPOMEKYTKeE (— T, 72').

IlocTosHHAs a, Pas3I0XCHUA B P d)ypbe OrpeaCIsACTCA U3 COOTHOIICHMA:

a, = 1 jff(x)dx (345)
T -z

IIpu Beraucnenun koddduumento Dyprea, nb, 4acTo ObIBACT MOJIE3HO MOIB30BATHCS TEM, YTO

ecn ymxims £ (x ) uernas B npomeytke (—a,a) , re. f(—a)= f(a),10
[ £ehx =2 flxix (346)
a ecu gynxuns £ (x) neudrnas, r.e. f(—x)=—f(x), 10

f flxdx=0 (347)

[onp3ysch 3TUMH OOLIMMH TpaBWJIAaMH BbluuclieHus KoddduimentoB ®Pypbe, paccMOTpuM
pasnoXKeHUe B TPUTOHOMETPUIESCKHM Psifi HECKOJBKUX YaCTHBIX THITOB NIEPUOINICCKIX KOJICOaHHIA, YaCTO
BCTPEUAIOIINXCS B IPAKTHUKE (PU3UICCKUX U3MEPEHUI B pabO0Te pas3IMIHBIX MPHOOPOB.

a) Konebanus npsimoyroyibHoH (opmbl. Konebanus npsimoyronsHoi (opmbl (puc. 110) Moryr ObITh
TIpe/ICTaBIICHBI (DYHKIINCH

f (x) =a , B IPOMEKYTKE (0, 7r) uf (x) =—a B IPOMEXYTKE (— 72,0) , T.e. pyHkimst f (x) B JIAHHOM
Cilydae SIBISIETCSl HeuéTHOM. BHe yKa3aHHOTO IPOMEXyTKa (OYHKIIHS TIOBTOPSIETCS C IEPHOIOM 27T , ABJIACTCS
MEPUOTNIECKOM.
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Tak kak nucciemxyemass QYHKIHS SIBISICTCS HEYETHOHM, TO B COOTBETCTBHH € (347) MOCTOSHHBIN WiCH
paznoxenus Pypre paBeH

1 T
ay,=— [ £y =0 (348)
72. -
M3 cootnomenus (343 )onpenensem kodpuunentsl Pypse a, :

o n 0 T
a, = % % J-f(x)coskxdx + J-f(x)coskxdx} = %{— .[coskxdx +J-coskxdx} =
L -7 0

jf £(x)coskxdx =

- 0

=0

al| sinkd’ +sinkx|ﬂ— g[_sin(—kﬂ)Jrsinkﬂ}
|k k| # k k
(349)

|7”

Koadpuuuents: Oypse b, onpenemnstorcs us (344):

a

bk:l]if(x)sinkxdxz a _coskx|0 +coskx|” :ﬁ[g_Zcoskﬂ}
T .

0 V.4
{— j sinkxdx + j sinkxdx} -
|k k|| 7lk &k

|—IZ'

7 -7 0

b
Kax BuHO, K0O9QQUIMEHTH ~* TPUHUMAIOT pa3NNYHbIC 3HAYCHHS B 3aBUCHMOCTH OT HOMEpa WieHa psiga (HoMmepa
rapMOHUKH). {715t HEUETHBIX TApMOHKK (HEUETHBIX 3HAYCHUH K)

4
b =2

7k (350)
a UId YETHBIX

b, =0 (351)
VuuThBas MOMydYeHHBIE 3Ha4YeHHS Kod(dmimenToB pasnoxenus B pax Dypese (348), (349), u (350), moxHO
OKOHYATENBHO 3amucaTh pag Oypbe mst koneOaHuii mpsAMOYTONbHOM (OPMBI B BUTIE
4a|sinx sin3x sinSx
flx)=—"> { + + + }
3ametum, 4To pasioxenne Oypbe A 9TOTO CITydast COCTOMT TOJNBKO W3 HEYETHBIX TAPMOHHUK, AMILTHTY Bl KOTOPBIX
YMEHBIIAITCS 00PATHO MPOTOPIIUOHATEHO HOMEPY TAPMOHHKH,

0) Konebanus nunoo0pasHoi GopMbI
[Meproanueckue KoneOaHus NUI000pa3HOH (OpMBI, MpeacTaBicHHbIe Ha puc. 111, MOXKHO omucaTh (yHKIHEH

f (x) =X onpenensiemoii B mpoMekyTKe \ ) [lpu apyrux 3HaveHusx apryMmenta X (yHKIHS MOBTOPSAETCS

C IEPHOOM 27

F(x)

/
=

Kak Buznno, f (— x) =—f (x) , T.e. QYHKUUS SBIseTCS HEYETHOM, moaToMy U3 (347) cnemyet, 4To
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1 T
a, =— If(x)dx =0 (352).
T -
Koadduunentsr dypbe g, onpenensercs B COOTBETCTBHU ¢ (343)
0

a, :i jf(x)coskxdx = % .[xcoskxdx + J-xcoskxdx} (353).

- 0
3HaueHNE HHTETrpaia IXCOSIOCdX y,I[O6HO HaXOOWTh II0 ITpaBUIy MHTCTPUPOBAHUSA IO YACTAM. ITo

OTOMY IIpaBUTy, €CJIU MOABIHTCTPAJIbHOC BBIPAKCHUE MOXKHO MMPEACTABUTL B BUAC udV , TO C TOYHOCTBIO
JIO TIOCTOSIHHOU HHTCTPHUPOBAHUA MOXXHO 3allCaTh:

udV =uV — | Vdu (354).
J ]
sin kx '

Ionaras x =u u coskxdx =dV ,Haxogum nanee, uto dx=du,a V = Hcnons3ys

npaBwio (354) MHTErpUPOBaHUS IO YaCTAM, MOXKHO 3alucaTh, 4TO (C TOYHOCTBIO 0O TOCTOSHHOU
HHTETPUPOBAHMS)

sinkx ¢ sinkxd
Ixcos Jocdx =~ —I al (355).
k k
VuuteiBas 310, 3HaueHHs KOd3QPuHeHToB @, B popme (353) nepenumem B BUE
4 _ 1| xsinkx ’ B ])‘sinkxdx N sin kx|” _]5 sinkxdx | _ 1 coskx|0 N coskx|” |
Tk L Yk kol 3k | k| k|,
g (356).
_1pr cos(—k7z)+ coskz 1 |_ 0
|k k? kK kK
Kosdpuuuentsr b, onpenemnstorcs us (354):
1 ¢~ . 1 0 . z .
b, =—j xsin kxdx =— .[ xsmkxdx+j xsin kxdx (357).
V4 - /4 /2 0
WHTerpanel 3amMcaHHOro BUAA TaKkKe YJIOOHO HAXOAWTH 1O TMPaBHIy WHTETPUPOBAHUS 1O YacTsIM. B
3TOM ciyyae nojaraeM u = Xx;dV =sinkxdx. YuurbiBas 9TO, IMOJydYaeM Jajee, uTo
cos kx
du=dx;v=— . C yu€ToM 3THX 0003HAYCHHIA 1 UCTIONIB3Ys MpaBuiio (354), momydaem:
b _ 1} xcoskx ‘ N j‘coskxdx _xcoskxdx | _ 1] 7zcos(—k7z)+ sin kx| ° _ meoskrn N sinkx|”
C o k| 2k k n k Kol k S
_ 2coskrx
k
Takum o6pazom, koddpuurentst Pypbe b, Mpu YETHBIX 3HAUYCHUSIX PABHBI
2
b, = % (358)
a MpY HEYETHBIX
2
b, = T (359)

C yuéroM HatimeHHBIX KodhdumuenToB (352),(356),(358), u (359) pasznokeHue B TPUTOHOMETPHUICCKII
psan @ypee xonebanuii MUI000pa3HOH GOPMBI 3aITUCHIBAETCS B BHJIE

f(x):2{51111x_s1n22x+s1r;3x“} (360)




B) Konebanus TpeyroybHOMH hopMbI
Kosnebanus tpeyroipHoit ¢opmbl (prc.112) omuceiBatorcs dynkimeit f(x) = x, ompenenéHHoil B

HPOMEKYTKE (0,72') u f(—Xx)=Xx, onpenenéHHON B MPOMEKYTKE (— 72',0). Tak kaxk f(—x) = f(x),
(dbyHKIMS sBIseTcS Y€THOM, a Juis 4€THOH PpyHKIMU 10 (346)

jff(x)dx =2jff(x)dx (361)

IIpexne Bcero onpeaenum 1o (345) 3HaueHUE TOCTOSHHOTO YiCHA Pa3I0KCHHUS:

v v v 2|7
a, =ljf(x)dxzzjf(x)dngjxdxzx— =7 (362)
e Ty Ty T,
Omnpenensem nanee mo (343) ko3 duuueHTs! a, :
4 0 T
a, = L Ixcoskxdx i jxcoskxdx+jxcoskxdx
a - a -7 0

B 3TOM BBIpa)K€HHMM 3HAYCHUS MHTETPAIOB HAXOAWM IO MPABUIY WHTCIPUPOBAHUS IO YACTSIM, KaK B
MIPEABIAYIIEM CiTydac:

0
1| cosxdx cos kx|”

1| xsinkx|® (sinkedx xsinkx|” Fsin kxdx
] e R
0

a, =— = — =
Yl kL Yk ko, nkz_,,kzoﬂ
1 1 cos(—kr) coskr 1 2 1 coskr

—| -+ + —— == -+t —
| k* k* k* k* | k* K’

7151 4ETHBIX 3HaUeHUil k
b, =0 (363)
a 719 HeYETHBIX
4
b, =-
g 7k*

Hcnonp3ys HaliieHHbIe 3Ha4eHUs KO3(D(MHUIMEHTOB d,,d, W, 3amucbiBaeM pasznoxeHue Dyppe as
KoJIeOaHuH TpeyroiabHOH GOpMBI B BHIE
7 4| cosx cos3x cosSx

f(X):E—; 1 + 3 + 5 (365)

16.17. CrieKTpaJbHBIi COCTAB NEPHOAUYECKUX KOJIeOaHMI.

B obmem ciyuae nepuognyeckie KojeOaHus IPSMOYTOIbHON (OPMBI MOTYT OTIMYATHCA OT BUAA,
npefcTaBlIeHHOro Ha puc.110, rne UIMTeNPHOCTH CaMHMX HMMIIYJIbCOB M IIPOMEXYTKOB MEXIY HHMHU
onuHaxkoBel. Ha mpakTuke yacTo BCTpeyaroTcs M HepHOAUUYEecKHe KojaeOaHUs IPsAMOYroibHON (OpMEL, ¥y
KOTOPBIX JJIMTENBbHOCTh May3 MEXIy HWMIYJIbCaMH HE paBHBl AJHUTEIBHOCTH CaMUX HMITYJIBCOB.
Konebanus takoit opmbl mpenctasiaeHsl Ha puc.113.

Konebanmss Ttakoit ¢GoOpMBI XapaKTEPU3YIOTCS, TPEXKIEC BCETO, CKBAKHOCTHIO. CKBaXKHOCTHIO
Ha3bIBAIOT Oe3pa3MepHbIl KO3(GGUIMEHT, YHCICHHO pPAaBHBI OTHOIIEHHIO IE€pPHOJa IOBTOPEHHUS
uMITyJIbCoB T K MX JUIMTETbHOCTH:

m=— (366)
Z-M
[eproauuecKyro MOCIeI0BaTEIbHOCTh HMITYJIBCOB MOYKHO MPEJCTABUTh CYMMOW TapMOHUYECKUX
cocrapistonmx B Bune psaga Oypee. [Ipu anamuse takoro poaa koiebaHuid, 0COOCHHO Korja (a3oBbIC
COOTHOIIICHHS HE UTPAIOT POITH, YACTO OMPEJIENAIOT TOIBKO aMIUTUTYABl TapPMOHHK WIIH
DHepruto Kojaebanwii (MPOoIoPIHOHATRHYI0 KBaIpaTy aMIUIUTYIbI), COOTBETCTBYIONTHE KaXKIOH 13

rapMoHUK. B 3TOM cilyuae MOCTOSHHBIN KO3(QQUIMEHT pasioxeHus Dyppe HE WrpaeT poyd, H
JOCTATOYHO ONpPECIUTh JIHIIb KO3 duiuents a, u b, .



Ecim Ha rpaduke 3aBUCHMOCTH aMIUIUTYABI OT YacTOTHI OTJIOXXUTH BEPTHKAJIbHBIE OTPE3KU
IPSIMBIX, paBHbIE B BBIOPAaHHOM MacIiTabe aMIUTUTy[e KOJeOaHWH, MPH YacTOTaX, PaBHBIX YacCTOTaM
TapMOHUK, ITOJIyYUM CHEKTP U3y4yaeMoro nepuoanyeckoro mnpouecca (puc.114):

B mpuBenenHom Ha puc.114 crnektpe KoneGaHWH HPUCYTCTBYIOT TOJBKO HEYETHBIE TapMOHHKH,
aMIUTATY/BI KOTOPBIX YMEHBIIAIOTCS C POCTOM HOMEpa rapMOHUKH.

B xauecTBe mpumepa pacCMOTPHM pacyeT CIEKTpa MEPHOIUICCKUX KOJICOAHWH MPSMOYTOJIBHOM
(hopMBI IPOM3BOIBHON CKBaKHOCTH 110 aMIUTUTYAaM TapMOHUK M HOCTPOCHHUE CIEKTPATBHBIX AUArpaMM
TUTSL pa3iINIHOM CKBaKHOCTH.

Kak Ob1o cka3aHo BhIIIE, JUIS MOCTPOCHHS CIIEKTPAIBHBIX XapaKTEPHUCTHK IOCTATOYHO JIUIIb

onpenenuts kKodbdumuentsl @, u b, pasnoxeHne Dypbe, ONPEACISIOUINA AMIUIUTYABl TAPMOHHK.

dopma mccrenyemMbIx KojebaHui mpeacTaBieHa Ha pucyHke 113. M3 pucyHka BHAHO, YTO KojeOaHUs

. . T
omnuceBaOTCs QyHKIMEH f(X)=a , ompenenseMoil B MPOMEXYTKe | ——,— |, TO€ d- aMIUIATyIa
m m
KoJIeOaHmii, a M CKBaKHOCTH. [IpoMexxyTok ompenensaeTcs pa3oil koaeOaHmid, COOTBETCTBYIOIIHNMI Cpe3y
MMITyJTIbCa

TM
p=0—=
2
Brlpakas NOHKINYECKYIO 4YacTOTy depe3 IepuoJ KoieOaHWid W yduThiBass 3HaueHume (346)
CKBa)XHOCTH, TIOJy4aeM BhIpakeHHe (as3bl Ui cpe3a MMIyJbca (3HAUYCHUE TPAHUIIBI MPOMEKYTKa, B
KOTOpOM orpezenena pyukuust f(x)):

2Tz, mr, T

T 2 m T, m
IIpu Takux rpaHUIAX MPOMeKyTKa kodddurmeHT pasznoxenus Oypobe mo (343) paBeH

. T /n
7, . 7 sink - sin| =k~ sink —
akzl Iasinkxdng-% =4 m_ mi|_2a m (367)
T 3y Tk 7 k k V4 k

Koa¢dunuentsr paznoxenus b, onpenemsiem u3 (324):

% % %

. . k k
b, =— jasmkxdx=£ Ismkxdx=—i-coskx -4 cos—”—cos 7 =0 (368)
T 3y T 3y /4 o 7k m m
Takum 00pa3om, ucciaeayeMbie KoJIeOaHUsI MOTYT OBITh MPEACTABICHBI psIoM Dypre
a S2a . ko .
f(x)=—2+» “—sin— -sinx (369)
2 o m

Jlis  ompenerieHus CHEKTPaTbHOTO COCTaBa KoliebaHWMi Kkak 3To ciuenyer u3 (369), mocTaTouyHO
OIIPEAEINUTh AMIIJIUTYABI @, COOTBETCTBYIOIIUX TaPMOHHK.

OTMeTHM, YTO TIPU YBEIHUYCHHHU TMAay3 MEXIy MUMITyJIhCaMHU MOSBISIOTCS JTOTOIHUTEIbHBIC YICHBI
pa3NIOKEHHS, JIOTIONHUTEIbHBIC TapMOHUKH, MPH OTOM C YBEJIMYCHHEM TIay3 TMpH COXPaHCHHU
JUTMTEIBHOCTH CaMOTO UMIYJbca MEpUoa (YHKIIMH YBEIUYHMBACTCS, MO3TOMY B Pa3lIOKECHUHM €€ B Pl
®Dypbe T0KHBI TIOSIBIIATHCS COCTABIISIFOIINE CO BCE MEHBIIIMMHU YacToTamMu. KpoMme Toro, clielyeT y4ecTb,
910 B pasnokeHnd Oypbe MPOIMaNaroT TAPMOHUKH C YaCTOTaMH kMM @ , M — CKBaKHOCTh, @ - OCHOBHAs
gacToTa (OCHOBHAs TapMOHHKa), a k =1,2,3,...

CrenoBaTellbHO, TIPH YBEIMUYEHUW IMay3 MEXAY HMITyJIhcaMU (YBEIHMYCHUN CKBaKHOCTH), OymeT
YMEHBIIIATHCS OCHOBHAS YacTOTa U COOTBETCTBYIOUIUM O0Pa30M M3MEHSTHCS CIEKTP, B KOTOPOM OyZAeT
UCKJIIOYAThCS BCE MEHBIIIEE YhCiia TapMOHUK. CHEKTp KOJIeOaHUH «YIJIOTHSAETCS», OCHOBHAS 4acTOTa C
YBEITMUEHHEM CKBOXHOCTH MPHOJMKAETCS K HYJIIO, a KOJHYECTBO TapMOHUK YBEIHYMBACTCS.
[TocTernieHHOE yBenMUYCHHE CKBaXKHOCTH TO3BOJSCT KAaYSCTBEHHO OLEHUTh KapTUHY CIEKTpa JUIs
OIMHOYHOTO wuMITyJIbca. OYeBHUIHO, YTO TpU OCCKOHEYHOM VBEIMYCHHHM CKBOXXHOCTU (B Cilydae
OJIMHOYHOTO MMITYJIbCa) OCHOBHAS YacTOTa CTPEMHTCS K HYIIIO, a CIIEKTP KoJeOaHHil 32 CUET MOSBICHHUS
BCce OOJBINEro YMCIIa TApPMOHUK CTAHOBUTCS CIUIONIHBIM. TakoW CIJIONIHOW CHEKTp YXKe Helb3s



omHchIBaTh psgoM Dypbe, TUCKPETHBIM CIEeKTpoM. OIUHOYHBINA HMMITYJIEC OIMCHIBAETCS HHTETPATIOM
Dypbe

F(x)= fS(x) -sin xdx (370)

rae BenmmurHa S(X) HaspiBaeTcsa (DYHKOHWEH pacmpemeleHHs W OINpeAeiiseT 3aKOH pacipeaeieHUs
aMIUTATYIbI KoJieOaHuil mo crekTpy (1o vacrore). B ciyuae CIDIONIHOTO CHEKTpa HENb3si TOBOPHTH O
COCTABIISIONINX KoJieOaHus (MMITyJIbCa) OTPEICIIEHHON aMITINTY 1a, @ MOKHO TOJIFKO YKa3bIBaTh CpeHee
3HAYCHUE aMIUTUTYAbl B OYCHb y3KOM HMHTEpBale YacTOT, ompezaesieMoe (YHKIUEH pacrpeieieHusl.
Ecnu xe ropoputh 00 aMIuiuTyjie (SHEPruu) KoneOaHuid isi KOHKPETHOTO 3HAYCHUS 4acTOTHI (T.e. JUIs
HYJICBOTO YaCTOTHOTO MHTEPBAJA), TO aMILTUTYAa KOJIeOaHHUs W, COOTBETCTBEHHO, SHEPTUs 00paIarTcs
B HYJIb.

Ha npaktuke (HampuMmep, B paJuoIOKaIN) UCIIONB3YIOTCS HE IPOCTO OT/ACIBHBIC MPSIMOYTOJBHBIC
UMIYJIbChl, @ WMITYJIbCHI, 3allOJIHCHHBIC HE3aTYyXAIOUIUMH TapMOHUYECKHMMH KOJCOaHUSMU, TEPUOIT
KOTOPBIX 3HAYMTEIBHO MEHBIIE JITUTEIBHOCTH HUMIYJIBCOB. B 3TOM ciydae abCONMIOTHBIH MaKCHMyM
aAMILTUTY Bl PA3JIOKEHHS COOTBETCTBYET OCHOBHOM 4acTOTE TAPMOHHYECKOTO KOJIeOaHHs, 3aIIOTHSIOIIETO
UMITYJIbCHI, @ TOTIOJTHUTEIBHBIX YaCTOT TeM OOJIbIIE, YeM MEHBIIIE TIEPUOJIOB TAPMOHHYSCKOTO KOJIeOaHUs
VKJIaJIbIBAaCTCS 3a BPEMsl, paBHOE JUIMTEIBHOCTH 3alOJIHAEMOro uMityibca. [Ipy moctaToyHO 0O0NBIIOM
KOJIMYECTBE MEPUOJIOB TAPMOHIUECKUX KOJICOAHWH, YKIAIBIBAIOIIMXCS 32 BPEMs UMITYJIbCA, MPAKTUICCKH
MOXKHO YYHTHIBATh TOJILKO Y3KYHO OOJIACTh Y4acTOT BOJIM3M TJIABHOT'O MAaKCUMYyMa, COOTBETCTBYIOIIETO
OCHOBHOI 4acToTe (4acTOTe rapMOHHMYECKUX KoneOanwuit). OTcroa CiieayeT, 4TO YHCTO rapMOHUYCCKHC
KOJICOAHUs Ha TPaKTHKe OTCYTCTBYIOT. KoneOaHus MOXXHO MPHOJMKEHHO CYMTATh TAPMOHHYCCKHMHU B
TOM cJy4Yae, KOrJia KOJMYECTBO MEPUOJIOB ITHX KOJICOAaHUH 3a BpeMs OJHOTO HMITYJIbhCa JIOCTATOYHO
Benko. [103ToMy B CIieKTpe Kakoro-imdo rapMOHUYECKOrO KOoJeOaHUs, NITUTEIbHOCTh CYIIECTBOBAHUS
KOTOPOTO OrpaHMuYeHa BO BPEMCHHU, HENIb3S TOBOPHTH O CHEKTPAILHOW JHHWUU. Pedb MOXKeT HUATH O
CTIIEKTPALHON MOJIOCE, IMUPUHA KOTOPOW 3aBHCUT OT COOTHOIICHHSI MEXTY JITUTEIBHOCTHIO HMITYJIbCA U
MIEPUOIOM TapPMOHUYECKUX KOJCOAHHUH, 3aMONHSIONIMX HMMITYJIEC. ['OBOpsl O IIMPUHE CHEKTPaTbHOU
nuHUHU (TOpa3yMeBasl CIIEKTPATbHYIO TOJIOCY), UMCIOT B BHIY OOBIYHO YaCTOTHBIA WHTEepBal A®@, Ha
rpaHUIaX KOTOPOro (YHKIMH pacnpeaenacHust yMmeHbmaetcs 10 0,7 CBOero MakCMMallbHOTO 3HAUCHMUSL.
CrerneHb MOHOXPOMATHYHOCTH KOJICOAHUI MOYKHO OIEHUBATH BBIPAKEHUEM

Aw- At >2rx

W3 npuBeneHHOro BBIPAXKEHUS CJIEAyeT, 4TO OoiblIas MOHOXPOMATHYHOCTh W3Iy4€HHUS (MEHbLIMH
uHTepBall A@ ) TpeOyeT OoJbIIer0 BpeMEeHH U3ITyYeHUs (CYIIECTBOBAHHS KOJICOaHMIA).

16.18. Heauneilinble KoJie0aTeIbHBIE CHCTEMBI.

JIMHEeHHBIMI HA3bIBAIOTCSl CHUCTEMBI, CBOWMCTBA KOTOPHIX HE H3MCHSIOTCS TMPH W3MEHEHUHM HUX
COCTOSIHUSI, T.€. TMapaMeTpPhl CUCTEMbI, XapaKTepU3YIOIIHe e¢ CBOWCTBa (HAampHMep, Macca, yIpyrocTtb,
KOA(PGUITUCHT TPEHUS I MEXaHHUYSCKUX CHCTEM), HE 3aBUCAT OT CMEIICHUU U COCTOSHHS, HAIIPUMED,
YIPYroCTh MPYXUHBI MasTHUKA C YBEIIMYCHUEM Ae(QOpMaIIiU NIEPecTacT TOYHO CIeI0BaTh 3aKOHY ['yka u
T.1. [looTOMy peanbHble MEXaHHYECKHE CHCTEMbl MOXHO pacCMaTpUBATh KakK IJIMHEHHBIE TOJBKO
NPUOIMKEHHO, B OMPE/ICIICHHBIX TPAHUIIaX M3MEHEHUS €€ MapaMeTpoB, KOTJa UMU MOXKHO MpeHeOpeyb.
Jlyist GOJNBIIIOTO YHUCIIa CUCTEM STH MPEJeibl OKa3bIBAIOTCS BEChbMa IMIUPOKUMHU, TIOITOMY IMUPOK H KPYT
3a7a4, B KOTOPBIX CUCTEMbl PACCMATPHUBAIOTCS KaK JHHEHHbIE. B Tex ke ciydasx, Korjaa U3MEHECHUSIMU
napamMeTpoB Hellb3s PeHeOperaTh, CAaMU CHCTEMBI YKe CIIeIyeT pacCMaTpUBaTh Kak HEIMHEHHBIC.

JluneiiHble cUCTEMBI 00JaNalOT PSAOM CBOMCTB, KOTOpPBIC CYHIECTBEHHO YIPOIIAIOT WX aHAU3.
[poriecchl B JIMHEHHBIX CHUCTEMaX OINMUCHIBAIOTCS JHHEHHBIME Au(depeHaTIbHBIMA YPaBHEHUSMH
(oTKya mPOM30IILIO ¥ CaMO Ha3BaHHE CHUCTEeM). BeiepcTBre 3TOro, BO-MepBbhIX, TMHEHHbIE CUCTEMBI Oe3
WCKa)XCHHSI BOCIIPOU3BOISAT BHEITHHE BO3ACUCTBUS, UMEIOIINE TAPMOHUYECKYIO (JOpMY, H, BO-BTOPBIX, B
JUHEHHBIX CHCTEMaX CTPOrO COOJI0ACTCS MPUHIIKIT CYNepo3ulnu Koiebanuii. Kpome Toro, TuHEWHbIC
KOJICOAHUS] U30XPOHHBI, T.€. MX YaCTOTA HE 3aBUCHUT OT AMIDIUTY b KOJICOAHHIA.

B mpumepax kosyebaHMiI pacCMOTPEHHBIX B MPEABIAYINX Mmaparpadax (Hampumep, COOCTBEHHBIC
KoJieOaHUs, BBIHYK/CHHBIC KOJICOaHHS U T.JI.), BO3BPAIIAIOIIAsl CHJIa MPOTOPIMOHATIFHA TICPBOH CTECIICHU
CMEIIEHHS, TIPOU3BOJHBIX OT CMENICHUS MO BPEMEHH Pa3IMYHBIX MOPSIKOB, HA3BIBACTCS JIMHEHHBIM
OTHOCHTEIIFHO CaMOI'0 CMEIICHUS U ero MPOU3BOJHBIX MO BpeMeHH. Eciu ke B ypaBHEHUH TOSBISIIOTCS



0oJiee BBICOKHE CTEIIEHH CMEIIEHUS M €r0 TPOW3BOIHBIX, TO ypaBHEHHE CTAHOBHUTCS HEIMHEHHBIM.
Hampumep, mpu OONpIIMX CMEMICHUSX MaTEMaTHYECKOTO MAasTHHKA OT IIOJOKEHHS paBHOBECHS B
pasIoKeHUH SIN ¢ yXKe HeJb3s MpeHeOperaTh 6osiee BLICOKUMU CTENEHIMH Pa3JIoKEeHHUs 10 CPABHEHHIO
C TIEPBBIM UYJICHOM.

Haubonee BaXHBIM CBOWMCTBOM JIMHEHHBIX KOJIEOATEIHLHBIX CHCTEM SIBISICTCS TO UX CBOHCTBO, YTO
€CIH CHUCTeMa MOXKET OJHOBPEMEHHO NPWHUMAaTh ydYacTHe B JBYX [JBW)KCHHAX (B YacCTHOCTH,
KOoe0aTeNbHBIX), TO pE3YNbTHUPYIONIEe CMEIIeHHe pPaBHO TE€OMETPHYECKOH CyMMe MpHHIHWIA
cyneprno3unud. B HenMHEMHBIX XK€ CHCTeMaxX »JTOT NPUHLHUII HE BBINONHSETCS. JlelCTBUTENbHO,
MIPEJITIOI0KUM, YTO HEIMHEHHAS CUCTeMa OIKCHIBACTCS HEIMHEHHBIM Au(PepeHIIMaTbLHBIM YPaBHEHUEM.

d*x
dt?

ITycTs 3anmMcaHHOE ypaBHEHHME MMEET [Ba PA3JIMYHBIX YAaCTHBIX PELICHUS X, U X,, COOTBETCTBYIOLIHE

+ A +Bx*+Cx=0

Pa3IMYHBbIM Ha4aJIbHBIM YCJIIOBUSAM. HJ’IH KaXxa0ro u3 peH.ICHI/Iﬁ MOXXHO 3aIiucaTb
2
d " x,

dt*

+ Ax; + Bx; +Cx, =0

2
d x,
2
dt
Eciu npuHIMIT Cyneprno3uiuu OyaeT COOMI0AaThCs, YPaBHEHHIO MOJIKHO YAOBICTBOPITH M DPEILICHHE
X =X, +x, . [locne moACTaHOBKH X = X; + X, B HCXOAHOE ypaBHEHHE MOTy4aeM, 4TO
2 2
d°x, d’x,
2 + 2
dt dt
Kak BumHO, U3 ypaBHEHHs ypaBHCHHE OYAET BBIMTOJIHATCSA TOJBKO B TOM CiIydae, €CAH BBIMOIHIIOTCS
YCIIOBHS

+ Ax; + Bx; +Cx, =0

+ Ax; + Ax] +3Ax]x, +3Ax,x; + Bx] + Bx; +2Bx,x, + Cx, + Cx, =0

d2

dfl + Ax; + Bx] +Cx, =0
!

d2

d? +Ax} + Bx2 +Cx, =0
i

3A4x,x, (x1 + X, )+ Bxx, =0
IepBBIX 1Ba yClOBHs COOIIONAIOTCS BCEra, MOCKOJNBKY X, M X, SBIAIOTCS PEHICHHAMH ypaBHEHHs

JBHKeHHS. UTO KacaeTcsl MOCIEAHEr0 ypaBHEHMsI, TO OHO OyJIET BBIMOJHATHCSI TOJNBKO B TOM cCliydac,
ecnu kodbounuentet A u B paBHbl Hymo. Takum 00pa3oM, MPHHIMIT CYMEPHO3UIMU TOJIBKO IS
ypaBHEHUH, y KOTOPOTO Bce KOA(PUIMEHTHI MPH WICHAX, COJEP)KAIINX BO BTOPOW M Oojiee BBICOKHX
CTETICHSX, PABHBI HYJIIO

d*x

dt’
a 3TO eCTh JHHEWHOoe Aud dhepeHITnaTbHOS YpaBHCHHE.

PaccMoTpuM HECKOIBKO MPUMEPOB HEMHEHHBIX MEXaHUYECKUX KojeOaTeNbHbIX cucteM. Cpa3y ke
OTMETHUM, JUIS PEUICHHUS HEJIWHEHHBIX TUPQPEPEeHIUATBHBIX YPAaBHEHUH HE CYIIECTBYET CTaHIAPTHBIX
METOJIOB, B Pa3HBIX CITydasx IS M3Y4YeHHWS HEIMHEWHBIX CHUCTEM MPHMEHSIOT CHEIHalbHBIe MPHEMBL,
KOTOPBIC TIO3BOJSIOT IMOJYYUThH JIAIIL MPUOIMKEHHOE ONHMCAHUE CHCTEMBbI, MPUOIMKEHHOE pEIICHUS
ypaBHEHUI, ONMUCHIBAOINNX HEJIWHEHHYIO cucTemy. [103TOMy IS MONYy4YeHUsT OCHOBHBIX, XapaKTEPHBIX
JUTSL BCeX HETTMHEWHBIX CHCTEM BBIBOJIOB BOCTIONB3yEeMCS YaCTHBIMH MTPUMEPaMH.

Henunetinodt, Hanpumep, Ha3pIBaeTcs KojebaTelnpbHas CHCTEMa C TEPEMEHHOW YIPYTOCTHIO.
[lepemennas ynpyrocts (HETUHEHHAs 3aBUCUMOCTh YIPYTOCTH OT Ac(GOopManuy MpPYKUHBI) TPUBOAUT K
BO3HUKHOBEHHIO HEIMHEWHBIX KoOJNeOaHWH, emE pa3 OTMETHM, YTO JJs HEJTWHEWHBIX CHCTEM

HECTPaBeUIMB TPHUHIWI CyNeprno3unuu. Hanpumep, ecnu TOBENEHHE CHCTEMBl OIHCHIBACTCS

d*x

dt?

MOJICTAHOBKA WX TTOOUYEPETHO B ICXOAHOE YPaBHEHHE MAET CICMYIONTHI pe3ybTarT.

+Cx=0

3.3
,E[I/I(I)(l)epeHLII/IaJIBHLIM YpaBHCHUCM [BUIKCHUA + a)ox =0 W U3BECTHBI €r0 YacTHBIE peuicHus, TO



Kax BuaHO, MBIKEHHE KXKIOTO Tella IPOXOIUT MO0 COBEPIICHHO OJMHAKOBBIM 3aKOHAM C OJHOU W TOM
XKE YacTOTOM @) .

0). B ucxonusiii MomeHT Bpemenn ¢ =17, =0 o0a Tema OTBOAATCSA OT MX MOJIOKCHUS PABHOBECHs HA
OJIMHAKOBOE DPACCTOSHUS B pasHble CTOPOHBI M OTIyCKaloTcs Oe3 Tonuka. HavyanmpbHoe cmerieHue u
CKOPOCTH TelI B 3TOM Cly4ae paBHBL X, =B, x,,=-B,v,=Vv,, =0. Ilpn Takux HavaIbHbIX
YCIIOBHSX, KakK 3T0 cieayer u3 (394), oOpaiaercst B Hy/Ib aMILIMTYAa NEPBOM COCTaBISIONICH, T.e. 00a
Tena OyDyT coBepIIaTh TIapMOHHYECKHE KOJNEOAHMS C 9acToToil @,. Amiudtyaa KomeOaHuit b
onpeaenstorcs u3 (395), a HavanbHas ¢aza koyedanuii u3 (397):

V4

b=2B,p, =—

2
Y4uTHIBas MONYUCHBI PE3YIbTATHI, 3AIMHUIIIEM 3aKOHBI JBYKCHHS TEJl M JJISl 3THX HAYaIIbHBIX YCIOBUIL:
x, = Bcosw,t, x, =—-Bcosw,t
[Monyvaercsi, 9TO M B 3TOM CJIydae JBHXCHHUS KaXKIOTO Tela SBISIOTCS TAPMOHHUYECKHMHU, HO KOJeOaHHs
HPOUCXOJIAT B MPOTUBO(A3e.

B). B vcx0HBIi MOMEHT BpeMEHH TIEPBOE U3 TEJI OTBOAMUTCS OT MMOJIOKEHHsI paBHOBecHs Ha A , a BTopoe-
YAEpKUBAETCS B €r0 TOJOXKEHWW paBHOBecHs. 3aTeM o0a Tema 0e3 Tomdka OTIyckaroT. HagambHoe

CMEILCHHS Tell U UX HayalbHbIe CKOPOCTU paBHBl X, = A ,X,, =0,v,, =v,, = 0. Yuursias 310, U3
BeIpakeHn (394),(395),(396),(397) HaxoauM 3HAYCHHUS aMIUTATYI COCTABIISIONIMX M HadaJbHBIC (ha3bl

konebaunii:a =b = 4,90, =@, = .

2
C y‘-IéTOM MOJYYCHHBIX PE3YJIbTATOB MOXHO B OKOHYATCIIBHOM BHUAC MNPCACTABUTH 3aKOHBLI ABUKCHUA
KaX1101r0 U3 CUCTCMBI TCII:

X, = ;[cos @, + cos w1

X, = ;[cos @, — oS 1

Takum 00pa3om, MpPU PACCMOTPEHHBIX HAYAIBHBIX YCIOBHSX, B OTIIMYME OT ONKMCAHHBIX PaHee,
KoJeOaHWsI Tell He SBIAIOTCA YHUCTO TapMOHHYECKHMH, a TMPEICTaBISAIOT COO0OW CyMmMMy [BYX
TapMOHWYECKUX COCTABIIIONINX PA3IMYHBIX YacTOT. B 3TOM 5erko yOeauThcs, €cilii 3aKOHBI Tel
3ammucaTh B BUE:

W, — 0,

X, = A-sin

Jlyis Takoro pojaa koneOaHuit HEOOXOAUMO OTMETUTh BEChbMa CYIIIECTBEHHYIO JieTalb. Kak BUIHO U3
CaMHUX 3aKOHOB JBIDKEHHS, aMIUIUTYABl KOJEOaHWH OTHEIHHBIX TEJI CHCTEMBI C TE€YCHHEM BPEMEHHU
MIEPUOANYECKH HM3MEHSFOTCSI M0 TapMOHHYECKOMY 3akoHy. lIpm 3ToM, ecnm B HEKOTOPBII MOMEHT
BPEMCHH aMILUIUTYAa KOJICOAHUN OJHOTO M3 TEN CUCTeMBI o0OpaiiacTcs B HYJb, TO aMIUTUTYAa BTOPOTO
Tela B JAHHBI MOMEHT BPEMEHH CTAaHOBUTCS MaKcHUMalbHOW. ClegoBaTeNbHO, B CHUCTEME JHEpPrus
KOJIeOaHM KaXJOro Tela MepuoIWYecKH W3MeHseTcs. B Te MOMEHTH BpEMEHH, KOTna DHEeprus
KoJIeOaHWI OJHOTO M3 HUX PaBHA HYJIO, SHEPrus BTOPOrO0 MaKCHUMallbHA. MHa4Ye roBopsi, ¢ TEYCHHEM
BPEMCHH MTPOUCXOJIUT TIepeada S3HSPTUU OT OJTHOT'O U3 KOJICOIIONUXCS TEJI KO BTOPOMY.



